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Abstract. If we consider the moduli space of fiat connections of a non trivial 
principal SO(3)-bundle over a surface, then we can define a map from the 
set of perturbed closed geodesies, below a given energy level, into families 
of perturbed Yang-Mills connections depending on a parameter e. In this 
paper we show that this map is a bijection and maps perturbed geodesies into 
perturbed Yang-Mills connections with the same Morse index. 
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1. Introduction 

The moduli space of flat connections for a principal bundle over a surface E with 
genus g is an infinite dimensional analogue of a symplectic reduction and was inves- 
tigated for the first time in 1983 by Atiyah and Bott (cf. [1]) who showed that, on 
this particular moduli space, one can define an almost complex structure induced 
by the Hodge-*-operator acting on the 1-forms over S and hence induced by its 
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conformal structure; with the almost complex structure and the inner product on 
the 1-forms one can also obtain a symplectic form. Furthermore, if we choose a 
principal non trivial SO(3)-bundle, then the moduli space A4^{P), defined as the 
quotient between the space of the fiat connections Ao{P) C A{P) and the identity 
component of the gauge group Qq{P), is a smooth compact symplectic manifold of 
dimension 6g — 6 (cf. [2 ). In the nineties some aspects of the topology of Ai^{P) 
were investigated by Dostoglou and Salamon in [3], where they proved an isomor- 
phism between the symplectic and the instanton Floer homology related to this 
moduli space, and in the work of Hong (cf. [S]). Hong took an oriented compact 
manifold B with a Riemannian metric gs and a harmonic map (j) : B ^ M^{P) 
and he showed that if the Jacobi operator of is invertible, then there exist a con- 
stant eo and, for < e < eo, a family A'^ of Yang-Mills connections of the principal 
SO(3)-bundles P x B ^ 'E x B, where the base manifold has a partial rescaled 
metric gs®^gB, which converges to the connection that generates 0. In this paper 
we choose B = and a slightly different rescaling of the metric and we extend the 
results of Hong; more precisely the setting is the following one. 

On the one hand, we consider the loop space on A4^{P) and its elements can be 
seen as connections A{t) + 'i>{t)dt on a the manifold S x 5^, where A{t) S .4o(P) 
and ^'(i) is a 0-form in i7°(E,gp), satisfying the condition d\ {dtA~ d^^*) — 0. 
The 1-form dtA — d^i'I' corresponds to the speed vector of our loop and thus the 
perturbed energy functional is 

(1.1) E"{A) = i {\\dtA - dAnU^) - ^*(^)) '^^ 

where Ht : A{P) — t- M is a generic equivariant Hamiltonian map which is introduced 
in order to obtain an invertible second variational form. On the other hand, we 
can take the 3-manifold E x 5"^ with the metric e^(?E ffl 9s^ for a positive parameter 
e and consider the principal SO(3)-bundle P x 5^ — ?> S x S"^. In this case, for 
a connection S = A + * G A{P x S'^), where A{t) e A{P), *(t) G rj°(S,gp) 
the curvature is Fs = Fa — (dtA — d^^) A dt and thus the perturbed Yang-Mills 
functional can be written as 

(1.2) yM^'^'lE) = \j'^ (^1^\\Fa\\1.(^) + WdtA - dA*||i.(s) - Ht{A)) dt. 

Then, by a contraction argument one can define a map between the perturbed 
geodesies below an energy level 6, denoted by Crit^H , and the set of the perturbed 
Yang-Mills connections Crit^^e.jf with energy less than h provided that the pa- 
rameter e is small enough. Furthermore, this map can also be defined uniquely, 
it is surjective and maps perturbed geodesies to perturbed Yang- Mills connections 
with the same Morse index. Summarizing, in this paper, we prove the following 
theorem. 

Theorem 1.1. We assume that the Jacobi operators of all the perturbed geodesies 
are invertible and we choose a regular value b of the energy E^ and p > 2. Then 
there are two positive constants Sq and c such that the following holds. For every 
£ G (0, Eq) there is a unique gauge equivariant map 

^^'^ : Critciff — > Crit-v; A>e,ff 
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satisfying, for G Crit^H , 

(1.3) {T^-'m - S°) = 0, \\T^-'\E') - 5°||^o,2,p,. < ce'. 

Furthermore, this map is bijective and indexEH CEP) = indexyj^e,H{'T'^'^{EP)). 

The result of Hong. Hong could assume that the harmonic map (j) has an 
invertible Jacobi operator because, even for an unperturbed energy functional, you 
can reach this condition for example for a 2-dimensional manifold B and eventually 
slightly perturbing the metric gs- For B = the Jacobi operator of a geodesic is 
never invertible and for this reason we need to introduce a perturbation in our func- 
tional as we will discuss in the section [31 Another important point worth to be 
remarked is the different choice of the rescaling. On the one side, both choices give 
the same equations for the Yang- Mills connections, for _B = S*^, if we do not con- 
sider the Hamiltonian perturbation, and hence his methods work also in our case; 
we can therefore say that Hong proved the existence of the map T^'**. However, he 
did not prove its uniqueness and its surjectivity. On the other side, the different 
choice of the metric gives two different Yang-Mills energy functionals; in fact, us- 
ing the metric g^ © ^93^ one obtains the Yang-Mills energy functional eJ^TW^'"^ 
instead of yAi^'^ and the properties of yAi^'^ will play a major role in the proof 
of the surjectivity of T^'^ and in particular, to obtain the a priori estimates for the 
curvature of the perturbed Yang-Mills connections. 

Outline. The second section is of preliminary nature; in fact, first, we briefly 
introduce the moduli space A^^(P) := Aq{P)/Go{P) of flat connections of a non- 
trivial principal SO(3)-bundle P over a surface (S, gs) of genus g. Then, on the 
one hand, we discuss the equations of the perturbed closed geodesies on A4^{P) and 
on the other hand, we introduce for a given e > the equations for the perturbed 
Yang-Mills connections of the principal SO(3)-bundlc P x 5*^ — > S x 5*^ where the 
metric on S is rescaled by a factor e^. Next, we also define the norm which will 
play a fundamental role in the proof of the theorem 11.11 In the successive two 
sections we compute the linear (section [7]) and the quadratic (section [5]) estimates 
and in section [51 we define the injective map T'^'^ and furthermore, we prove that 
this map is unique under the condition p.3p . In the next section, we show some 
a priori estimates (section [TU)l that we need to prove the surjectivity of the map 
r^'^ (section [111). We prove the surjectivity of the map 7"^'* indirectly: We assume 
that there is a sequence of perturbed Yang-Mills connections E^" , e^/ — > 0, which 
is not in the image of T^'^''', and we show that this sequence has a subsequence 
which converges to a geodesic S^; then using the uniqueness property of T'^''' this 
subsequence turn out to be in the image of T^'^'''(S°) yielding a contradiction. In 
the last section, we conclude the proof of the theorem 1 1 . 1 1 proving that T^'** maps 
perturbed geodesies to perturbed Yang-Mills connections with the same index (the- 
orem [T2Tl]); in fact the theorem 1 1 . 1 1 follows directly from the definition 19.51 of the 
map T'^'^, its surjectivity (theorem 1 11.1|) and the index theorem ll2.1l 

Remark 1.2. We denote by £''M^P) C CM<^{P) and by ^^^■''(P x 5^) respectively 
the subsets where < b and yAi'^'^ < b. Since we have a bijection between the 
critical points of the two functionals, we can also expect an isomorphism between 
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the Morse homology, defined with the i^-flows, of the bounded loop space C^A4^{P) 
and that of the moduli space A'^'^{P x S^)/Qo{P x S^), as it is explained in 

Theorem 1.3. We assume that the energy functional is Morse-Smale. For every 
regular value b > of there is a positive constant Eq such that, for < e < Eq, 
the inclusion C^A4^{P) — > A^'^ (P x S^) /Qq (^P x S^) induces an isomorphism 

HAU {C''M^iP),E",Z2) ^ HAU (a'^^ {P x S^) /Gq {P x S^) ,yM'^\Z2^ . 

Remark 1.4. The manifold M.^{P) — Ao{P)/Go{P) can be also interpreted as a 
symplectic quotient defined with the moment map /i : A{P) — )■ f2°(gp), = *Fa 
and thus we can also investigate the finite dimensions analogue of the correspon- 
dence stated in the theorem 11.11 For this purpose we choose a finite dimensional 
symplectic manifold X and a Lie group G acting free on it; we assume in addition 
that a Hamiltonian action is generated by an equivariant moment map ^ : X — > g, 
where g denotes the Lie algebra of G, with regular value and that the compatible 
almost complex structure J on X is G-invariant. Furthermore, we choose a time 
dependent and G invariant potential 14 : X — > R. On the one side, we can study the 
perturbed geodesies on the symplectic quotient Ai := /i^^(0)/G, that we assume 
compact, and hence the critical points of 

(1.4) £:''^^(x, 1 1' {\i + L.^f ' Vt{x)) dt 

for (a;, ^) G £(/i^^(0)) x £(g) and where L,j.(i^^{t) e T^(^t^X denotes the fundamental 
vector field generated by ^(t) G g and evaluated at x{t). On the other side, we 
choose on the loop space of X x g the twisted energy functional 




for (x, £_) £ C{X) X £(g). This last energy functional is the analogue of the perturbed 
Yang-Mills energy functional yAi"^'^ . Also for the finite dimensional case, we can 
prove a bijection between the critical loops below a given energy level and for e 
small enough (cf. [7]). 



2. Preliminaries 



In the next sections we briefly explain the setting for our results, if the reader is 
interested in more details we refer to [5] . In order to introduce the moduli space of 
flat connections for a non-trivial principal SO(3)-bundle over a surface E, we first 
explain some facts about a principal G-bundle tt : P — E where G is a compact 
Lie group with Lie algebra g and P and E are smooth manifolds. The action of G 
on P defines a vertical space 



V := 



d_ 

dt 



pexp(if) ) 



P&P,^(.q\ (ITP 



in the tangent bundle and hence a choice of a connection, i.e. an equivariant 
function A : TP —J- g which satisfies 



i) A{p,pO^^ 
a) A{pg, vg) = g^^Aij), v)g 



yp e P, ve e g, 
\fpeP,yv £ TpP, 
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could also be seen as a choice of an equivariant horizontal distribution H C TP 
which corresponds to the kernel of A and at each point p G P induces the short 
exact sequence 

— > Hp^ ker .) TpP — >Vp — > 0, 

where l is the inclusion of Hp in TpP and Vp the restriction of V at the point 
p. In addition, since Vp = ker(d7r(p)) and TpP = Hp ® Vp, dn{p) induces an 
isomorphism between Hp and T^(p)E, hence the horizontal distribution is isomorph 
to the puUback 7r*TE and this observation implies that a vectorfield X on E has a 
unique horizontal lift X C H on P such that X{p) G Hp and dpTT{X{p)) = X{Tr{p)). 
The set of all the connections of a principal bundle is denoted by A{P) and it is 
an affine space; in fact, for every connection € -^(-P)) -^(-P) = + ^^Ad _f/(-P)fl) 
where //(-P) s) denotes the set of all equivariant functions a : TP — > g such that 
V C kera, i.e. a is horizontal. Similarly, Hi^^O) ^he space of equivariant 
and horizontal fc- forms, i.e for an a; e h{P^Q) have 

vig, V2g, Vkg) =g~'^uj{p; vi, V2, Vk)g, 
uj{p;vi,...,Vk) =0, if =p(, for an i € {!,..., fc}, 

where p € P, g (z G, £, € q, Vi € TpP, 1 < i < k. Therefore, the equivariant and 
horizontal fc- forms il^d fl) correspond to the /c-forms over E with values in the 
adjoint bundle, i.e. fi^^ ^{P, q) = 0*=(E, qp), where Qp := -P x Adfl is the associated 
bundle defined by the equivalence classes \pg,^] = [p, Adg^] = \p,g^g~^]- 

The Lie group Q{P) of equivariant smooth maps u : P ^ G is called the gauge 
group of P, i.e. 

g{P) := {u e C°°{P, G) I u{pg) = g-\{j>)g, \lp €P,\/g€ G}. 

Since G acts on P, every clement of the gauge group induces a gauge transformation 
of the bundle P, i.e. m : P — ?• P; p i— >■ pu{p) which is a G-bundle isomorphism. A 
gauge transformation u acts on the space of connections by 

u*A = u~^Au + u~^du 

for A G A{P) and hence we can consider u as a change of coordinates. Furthermore, 
since the Lie algebra of g{P) is the space of the equivariant, horizontal 0- forms over 
P, i.e r2°(E,0p), in order to compute the infinitesimal gauge transformation on a 
connection A, we choose an element (p of the Lie algebra n'^(E,0p) and we set 

ut = exp{t(f)) = l + t<j)+ 0{t^), then 



d 



dt 



d 



t=o' ' ' dt 



(2.1) - {u*A) = -- {ut^Aut+Ut^dut) = -[A,(P]-d(j) = -dA(p. 



t=o 

In fact, choosing a connection A € A{P), we can define the covariant derivative 
Covariant derivative 

dA : n"{^,gp) ^ n\i:,gp); (1)^ dAcj) = d^+[A,(l)] 

and the exterior derivative 

dA : fi''(E,0p) r2''+^(E,gp);cj dAU} = duj + [A A uj] 

where [wi A W2] := wi A W2 — (— 1)"°W2 A oji denotes the super Lie bracket operator 
for coi e 0'(E,gp) and u)2 € O'^(E,0p). The Hodge operator acts not only on 
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but on rj'=(E,gp), too; in fact, sinccQ n''{T,,gp) = T{ A*^ r*E qp), for 
all u e ri''(S), and all ^ e ri°(E,gp), we define *(cj » C Therefore, 

using two inner products, one on n'^iY.) defined using the Hodge operator and an 
invariant inner product on the Lie algebra on QP{Y}, gp), we have an inner product 
on the fc-fornis 57*^(2, gp) 

(2.2) (a, 6) = / (a A *6) Va, 6 e gp); 

for two vectorfields X, Y on S, {aAb)iX,Y) = (a(X),&(y)) - {a{Y),b{X)). Using 
this inner product we can define the adjoint operator 

di:17*'-+i(E,gp)^f7'^(S],0p) 

of the exterior derivative d^, A E A{P). 

For any connection A e A{P), the two form Fa ■= dA+ ^[AaA] e n'^{T,,Qp) is 
called curvature of A and the gauge group acts by F„.^ = u^^Fau for every u e 
G{P)- With this last definition it is possible to introduce the set of flat connections 

Ao{P) := {A e A{P) \ Fa = 0} 

and for an G Ao{P), since o = 0, the cohoniology groups 

H'1{'E,qp) kerd^/im d^ = ker d^ H ker d*( 

are well defined for any k E N. Moreover, we have the orthogonal splitting 

(2.3) r!'=(E, gp) = dAn''-\^, Qp) ® H'Xi^, gp) ® d^l7*'-+i(E, gp) 

and we denote the canonical projection in to the harmonic forms by tta, i.e. 

TrA:n\i:,Qp)^ H'X{^,gp). 

3. The moduli space M^{P) 

For the following, we choose a compact oriented Riemann surface E of genus 
g > 1 and a non-trivial principal SO(3)-bundle tt : P — E; next, we define the 
even gauge group Go{P) as the unit component of G{P) and for more details we 
refer to pj. Finally we can introduce the moduli space 

M^{P) -.^ AoiP)/goiP) 

which is a compact smooth manifold of dimension 617 — 6 and if 5 > 2, then it is also 
connected and simply connected; these results were proved Dostoglou and Salamon 
(cf. [2]) using the works of Newstead (cf. [IT). 

Remark 3.1. li g ~ 2, then the moduli space A4^{P) can be seen as an intersection 
of quadrics in P5 (cf. [T^]) . 

Remark 3.2. Since an element u € GoiP), which is an element of the isotropy 
groujfl, maps P to the identity, the operator dA ■ ri''(E,gp) ri^(E,gp) is injec- 
tive. Moreover, d\dA ■ i7*'(E,gp) — > r2°(E,gp) is invertible, because the fact that 
dA is injective implies that d^ is surjective by the decomposition of f2"(E,gp), see 
equation (j2.3|) and in addition im d^ = im d'^dA by the decomposition of (E, Qp). 



A*^ T*S iX) 0p) denotes the sections of the bundle A'=r*E ® gp -i> S. 
^An u S G{P) is an element of the isotropy group of a connection A if and only if u*A = A. 



PERTURBED GEODESICS AND YANG-MILLS CONNECTIONS 



7 



The infinitesimal gauge transformation for ^ e il'^(E,0p) acts on a connection 

by 

AiP) TA{P); A ^ -dA* 
and thus, the tangent space at [A] G Ai^{P), A £ Ao{P), can be identified with the 
first homological group H\{Y,, qp), in fact by p.ip and by the orthogonal splitting 
kerd^ = im d^ © Qp)^ have 

(3.1) TAAQ{P)/im dA = kerd^/im d^ = i^i(S,flp) 

because the tangent space TaAo{P) corresponds to the kernel of dA- Hence if we 
choose a conformal structure on E, then we have a complex structure on M^{P) 
which is not, but the Hodge-*- operator acting on H\{T,,qp). We refer to [2] and 
[9] for more details. 

Moreover, since the tangent space of [A] E A4^{P), for every A £ Aq{P), can 
be identified with H\(Tt, gp), we have a symplectic form ujA{a, b) = J^{a A 6), for 
a,b £ H\{T,,Qp), and a complex structure defined by the Hodge-*-operator. Since 
the symplectic 2-form does not depend on the base connection A, it is constant and 
thus, closed. Hence, 7W^(P) is a Kahler manifold; this symplectic approach of the 
space of connections was introduced by Atiyah and Bott in [T] . We conclude this 
section with the following result (cf. [5] for the computations). 

Lemma 3.3. We choose two flat connections A! , A" £ Ao{P), then 

min \\A' -u*A"\\L2^^^<d{[A'],[A"]) 
Mee(P) 

where d(-,-) denotes the distance between [A'] and [A"] on the smooth compact 
manifold M^iP). 

4. Perturbed geodesics on M^{P) 

The idea is to find a loop A C C°°(R/Z,Ao) such that the projection H(^) 
on M^iP) is a geodesic, where H : Af){P) — !• M^{P); B ^ [B], and since dtA e 
TaAo = H\{Y,,Qp) © im d^ and dW{A)dtA e Tyi{a)M'^{P) which corresponds to 
i^i(S,0p), 

= d\{dtA ~ d^*) = dAidtA - d^*) 

for a such that *(t) S n°(S,0p) for all t e S'^. Hence, since d^d^ is invertible, 
^! is uniquely determined and 

TTAidtA) = dtA - dA{d\dAr'd*AdtA = dtA - d^*. 

The unperturbed energy of our curve is, therefore, 

(4.1) E{A) = i \dn{A)dtAfdt ^ \ f \dtA - dA^'^dt. 

^ Jo ^ Jo 

If we consider a time dependent Hamiltonian map 

a : M/Z X An{P) M; (<, A) ^ iit{A) 

which is invariant under Qo{P) and constructed using the holonomy (see [2]); then 
we can perturbe the energy functional subtracting from E the integral of Ht{.), i.e. 

(4.2) E"{A) ^ \ f \dtA - dA^\^dt - C Ht{A)dt. 

^ Jo Jo 
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The equivariance of Ht{-) means that we indroduce a perturbation on the energy 
functional on the loop space of the smooth manifold A4^{P). Weber ([17,) using 
the Thom-Smale transversality proved that the set 

l^reg := {H G C"" {S^ X M^{P),M.) I 

The Jacobi operator for is bijective for all critical loops} 

is open and dense in C°°{S-^ x M^{P), M) endoved with the compact-open topology 
and Vreg is residual. Therefore we can choose Ht near the zero function as we like 
such that the Jacobi operator of for all the perturbed geodesies is invertible and 
from now our perturbation is choosen with this property. Furthermore, in the same 
paper Weber proved that below a given energy level we have only finite perturbed 
geodesies. 

Next, we define a perturbation Ht : A{P) M, where Ht{A) — H{A) for every 
A E Ao{P). A first approach is to pick a gauge invariant holonomy perturbation on 
A{P) since every Hamiltonian Ht can be constructed in this way (cf. [2]); since Ht is 
constant along Q{P)*A for a given connection A e A{P) and Ta(5(/')*A) = im c!a, 

(4.3) dAXt{A) = 0. 

Another possibility is the following. We pick a smooth map p : [0, oo) [0, 1] 

with the property that p{x) = if x > Sq and p{x) = 1 if x < (^) for a which 
satisfies the conditions of the lemmas lA.ll and IA.2I for p ~ 2 and 9 = 4. Then we 
define Ht{A) = for every A with || Fa 11^2 > 6o and 

HtiA) p {WFAllh) Ht (A + ^dAv{A)) 

otherwise, where r]{A) is the unique 0-form given by the theorem lA. 21 for the con- 
nection A. In this case, if A is flat then Ht{A + ^sdArf) is constant for every 0-form 
r] S r2''(I],gp) and every s £ (— e,e) with e sufficiently small and we can conclude 
that dA * Xt{A) — 0. In both cases, the time-dependent Hamiltonian vector field 
Xt : A{P) — > il^(gp) is defined such that, for any 1-form a and any connection A, 
dHt{A)a = ^^{Xt{A)^a). 

Theorem 4.1. A closed curve A, A{t) E Aq for all t E = K/Z, descends to a 
perturbed geodesic if and only if there are 4'(t) E 57*^(1], gp) and u!{t) E f2^(I],gp) 
such that 

(4.4) -Vt(atA-dA*)-*Xt(A)-d> = 0, 

(4.5) d*A{dtA-dA'^)=0, 

where Vt :~ dt + .]. // this holds, uj is the unique solution of 

(4.6) dAd*AUj = [{dtA - dA^) A {dtA - dA^)] - dA * XtiA). 

Proof See [S] or [5]. □ 

Remark 4.2. We defined the moduli space of flat connections A4^{P) by taking the 
quotient Ao{P)/Go{P) where Go{P) is the even gauge group and thus a geodesic 
7(<) C Ai^{P) lifts to a closed path in Ao{P) which is unique modulo 

Go {P X S^) {g E G{P X S^) \ g{t) E Go{P) Vi E S^}. 

The group Go {P x S^) acts clearly also on the connections A{P x S^) of a principal 
bundle P X ^J:x S\ 
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We can therefore characterise the perturbed geodesies using the map 

(4.7) F{A,^).-y ^d\{^,A^dA^)^dt j-(,J-0(A*) 

defined for two loops A{t) e A{P) and 5'(<) e Vf{Yj,Qp). In fact, a closed curve A, 
A{t) G Ao{P) for all t € = R/Z, descends to a perturbed geodesic if and only if 
J^^{A,'^) e im X {0}. Next, we denote the set of perturbed geodesies below a 
energy level h by 

Crit|;« {A + ^dt e C{Aa{P)m°{T.,Qp) A dt)\E"{A) < b, gl]), (l43t}. 

The Jacobi operator of a loop Ad Aq^ which descends to a perturbed geodesic on 
A^ff(P), is given by (cf. [5] or [S]) 

V''{A){a,i^)^nA{2['^AdtA-dA^)]+d*Xt{A)a + WtVta) 

+ (* [a A *dA{d\dA)-^ (Vt{dtA - dA^) + *Xt{A))\) 

where a[t) G iJ^^^-j (S, gp), 5" is defined uniquely by 

(4.9) d*A{dtA-dA'i) = Q 
and V'(0 e r2°(S,gp) by 

(4.10) - 2 * [a A *{dtA - d^*)] - dA'^AV' = 0. 

5. Perturbed Yang-Mills connections 

Now, we choose a Riemann metric on the surface E and we consider the 
manifold S x 5^ with the partial rescaled metric {e^gy, ffi gs^ ) for a given e €]0, 1]; 
furthermore, we denote by tt"^ : P x 5^ — ^ E x S*^ the principal SO(3)-bundle over 
E X 5^ and we assume that the restriction P x {s} — > E x {s} is non-trivial. If we 
choose a connection S = A+^ dt e A{PxS'^) where A(t) e A{P), ^{t) G f2''(E,gp) 
for all i e S*^, then the L^-norm induced by the metric (e^gsQffsi) of the curvature 
Pe = Pa - {dfA ~ dA*) A dt is given by 

llPnlli^ = (^1||P^||2,^^^ - dAnln^^ dt; 

if we add the same perturbation as in (|4.2p , we can define the perturbed Yang-Mills 
functional 

(5.1) yM''"{^) := i £ (^l||FA|li.(s) + - dA*|li.(s)) dt~l^' HM) dt. 

A critical connection E'' = A''+*^dt e A{PxS''-) of yM^'" is called a perturbed 
Yang-Mills connection and has to satisfy the equation d~%F^e — *Xt{A) = that 
is equivalent to the two conditions 

(5.2) ^d%FA^ - VtidtA' - ^A.*") - *Xt{A') = 0, 

(5.3) -^d%{dtA'^dA^n=0- 
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In the following, if we write a perturbed Yang-Mills connection as 'E.^ = + 'i'^dt 
with apex e, then we mean that S"^ is a critical point of the functional yAi^'^ and 
we denote the set of perturbed Yang-Mills connections below an energy level b by 

Crit^;^.,^ := {E' eA{P X S^)\yM''" (S^) < &. (l5:2l. (lOl)}. 

If we fix a connection S° = A" + '^'^dt, then we can define an e-dependent map J^*^, 
for e > 0, by ^) = TfiA, *) + Ti{A, ^) and 

(5.4) ' 

+ -^dAd\{A - A") - dA^t{^ - *°), 

(5.5) *) = f-ld:i(ft^ - dA^) + - - V?(vl/ - M/"; 



A dt; 

then the zeros of are perturbed e- Yang-Mills connections and they satisfy the 
local gauge condition 

4^ (S - SO) = ^d>(A ~ AO) - Vf (vf - vl/0) = 

respect to the reference connection A^ + "ii^dt by the following remark already 
considered by Hong (cf. [5 ). 

Remark 5.1. = A'^ + '^^dt is a perturbed Yang-Mills connection on P x and 
satisfies the gauge condition d^rj (a^ + ijj^dt) = with a'^ + ip^dt := S*^ — if and 
only if 

(5.6) ds.dl% {a^ + ip'dt) + d%%Fs^ - *Xt{A^) = 0. 

One can see this deriving 15.61 bv d~%. 



Remark 5.2. If we choose | < p < oo and 6 > 0, then for every perturbed Yang- 
Mills connection = A^+'if^dt € A^'P{Px S^), there exists a gauge transformation 
u G Gq'^{P X S^) such that u*E^ is smooth. A proof of this statement for weak 
Yang-Mills connections can be found in [T51 (cf. theorem 9.4) and the proof holds 
also for perturbed Yang-Mills connections. 



If we linearise the equations (|5.2p and (|5.3p we obtain the two components of the 
Jacobi operator 

Jac^'^(S") : x S^,gp) x S\9p) 

of a perturbed Yang-Mills connection: 

Jac''-^(A'' + ^'''dt)(a,'0) = \d%dA^a + 4r * [aA*FA^] 

e £ 

(5.7) - d * Xt{A^)a - Vt^ta + dA^Vt^ - 2[V', {dtA" - d^-^-^)] 

^ * [a A *{dtA^ - dA-"^^)] - ^Vtd^a -f- ^d^.d^-V' ) dt, 



for any a{t) £ fl^{i:,Qp) and ipit) S fl°{j:,gp). In 1982, Atiyah and Bott (cf. 
[T]) showed that the Jacobi operator of a Yang-Mills connection E'^ = A'^ + ^'^di 
is Fredholm of index 0; for the perturbed case we have the same result. First, we 
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recall that the gauge group acts on the l-forms adding the image of d-.^ and hence 
a + tpdt is an element of 17^(S x S^,gp)/QsiP x S^) if and only if 

= {a + i)dt, dse 0) = {dl% (a + V dt), 4>) 

for every cf) E x S^,Qp) and consequently, if and only ii a + ipdt G kerd^e. 

Therefore, under the condition d~% {a + ip dt) = we have that 

(5.8) 3sic''-"(E''){a + ipdt) = Jac"-" {E^) {a + ^ dt) + ds-dl, {a + ^ dt) 
which can be written as 

(5.9) (4=.dHe + ds'dt^) (a + V dt) + *[(a + dt) A *Fe^] -d* Xt{A''){a + iP dt) 

where the first term is the Laplace operator oi a + tp dt and the second one is of 
order zero and thus, we have a selfadjoint elliptic operator and therefore, a Fredholm 
operator with index 0. In addition, this can allow us to work with ()5.9p instead of 
using the Jacobi operator and (|5.9p can be written as the operator 'D^{A + 'i'dt) 
T>l{A + *dt) +VI,{A + *dt) dt given by 

VfiA + ^dt)(a, V) (d*,dAa + dAd\a + *[a A *Fa]) ~d* Xt(A)a 

(5.10) ~Vt^tOi~2{^,{dtA-dA^)\ 

V\{A + *di)(a, V) (2 * [a A ^{BtA - d^*)] + d\dA^) - V^Vt^. 

Moreover, the operator T)^ is almost the linearisation of J-^\ to be precise 
does not contain the derivatives of d^, d\ and Vt of the last two terms in both 
components (|5.4p and (|5.5p . because these can be treated like quadratic terms as 
we will see in the lemma 18.21 If the reference connection A^'^ dt\s clear from the 
context, then we will write the operators without indicating it. 

6. Norms 

If we fix a connection Sq = + ^^dt G AiJ^ x S^), then we can define a norm 
on its tangential space and since A(T, x 5'"'^) is an afSne space, we can use it as a 
metric on A{T, x S^). Let ^{t) = a{t) + ip{t) A dt such that a{t) e fJi(S,flp) and 
ip{t) e n°{i:,gp) or a{t) e n'^{i:,gp) and tpit) e f7i(S,gp). Then we define the 
following norms 
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Inductively, 



dt 



Also in this case, if the reference connection is clear from the context we write the 
norms without mentioning it. 

Remark 6.1. For i = 1, 2, we can define by T/F*=^p(S] x 5^ A'r*(i; x S*!) ^gp^^i) the 
Sobolev space of the sections of A*T*(I] x S^) ^Qpxs^ S x 5^ as the completion 
oi 

r(A'T*(i] X s') 0p) = n\j: x 5\0pxsO 

respect to the norm || • ||H(,,fc,B^i. Furthermore, we can define the Sobolev space of 
the connections on P x 5^ aty 

where W'^^p = W'''P{^ x 5\T*(I] x S^)®gpxs^), e A{P x S^). 

Remark 6.2. The Sobolev space of gauge transformation Q^'^{P x S^) is the com- 
pletion of Qq{P X S^) with respect the Sobolev M^^'^-norm on 1-forms, i.e. g £ 
g^'^iP X if 9 e W^'P and hence g : A^ p{P x S^) -> A^ p{P x S^). 

Remark 6.3. The gauge condition d%c (S^ — Sq) = assures us that if the perturbed 
Yang-Mills connection is an element of A^''^{P x S^), then, for any k > 2, there 
is an M e Go'^iP X such that u*E^ e yl'^^^^p) [jg]^ Chapter 9). 

We now choose a reference connection Sq and analogously as for the lemma 4.1 
in [3], if wc define ^ — a + 'tpdt where a{t) — a{es) and -iplt) — eipies), < t < e^^, 
then ||^||/£,p,e = ep ||i^|jvyfo,p. In addition, all the Sobolev inequalities hold as follows 
by the Sobolev embedding theorem (cf. theorem B2 in [T8|). 

Theorem 6.4 (Sobolev estimates). We choose 1 < p,q < 00 and I < k. Then 
there is a constant Cg such that for every f G W'''P{Y^ x S"^, A'T*(I] x S^)®Qpy,s^), 
i ~ 1,2, and any reference connection Sg.' 

(1) Ifl~l<k~^, then 

(6.1) UU,M,e<Cse'"-"''UUo,k,p,e- 

(2) IfO<k-^, then 

(6.2) m\E„..oo,e<Cse-'/n\aSo,k,p,e- 



■^Let E ^ M a. vector bundle, then TE denotes the space of section of the bundle. 



^For more information, see appendix B of [18) . 
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7. Elliptic estimates 

The aim of this chapter is to estimate (theorem I7.2|) the || • ||2,p,e-norm of a 1- 
form ^ = a + ijjdt using the i^-norm of the operator I?^ (S) when E — A + 'i'dt 
represents a perturbed closed geodesic on A4^{P). We recall that we assume the 
Jacobi operator to be invertible for every perturbed geodesic. Hong in ^ proved a 
weaker estimate which, in our setting, can be identified with 

|ja + 1pdt- 7r^(Q:)||i,2,e + £||7r^(Q:)||i,2,£ 

<ce^V'{E + V)|!o.2,. + ce|!7r^I)"(S + V)|1l2 

where af^ G im is the unique solution of 

in addition, he estended the last estimate to 

\\a + ibdt\\k,2.,e < c||2?"(S + ag)(a,V)||fc-i,2,e 

and with this inequality he proved the existence of a map from the perturbed 
geodesies Crit^n to the perturbed Yang-Mills connections Crit^^e.a, but he did 
not show its uniqueness and its surjectivity. With the last two estimates is not 
possible to obtain the uniqueness statement of the theorem 19.41 even for p = 2 and, 
as we have already discussed, the surjectivity could not be established using his 
rescaling of the metric, in particular because you can not expect that the norms of 
the curvature dtA~ dyi^' have a uniformc bound for all the Yang- Mills connections 
below a given energy level. 

For this chapter we choose a regular value b of the energy , we fix a perturbed 
closed geodesic E = A + dt € Crit^H and we define every operator and every 
norm using this connection. Since the perturbed geodesic S is smooth, there is a 
positive constant cq which bounds the L°°-norm of the velocity and its derivatives, 
in particular 

(7.1) \\dtA - d^^llioo + ||Vt (dtA - dA^L^ < co- 
in general, we denote a constant, which is needed to fulfill an estimate, by c; it 

can therefore indicate different constants also in a single computation. 

Theorem 7.1. We choose a constant p > 2. If p = 2 we set j — otherwise j = 1. 
There exist two constants Eq > and c > such that 

(7.2) ||eli2,p,e<c(£||P^(0||o.p,e + |k^(«)||Lp), 

(7.3) 11(1 - 7r^)e||2,p,. < c {e'\\V%mo,p,e + e|kA(a)||Lp + je^H V?^A(a)||Lp) , 

||« - 7rA(a)||2,p,e <ce' {\\VI{0\\lp + e^miOh^) 

^^■^^ + ce^ (ikA(a)llLp + \M+\A{a)\\L.) , 

for every = a + ip dt G W^^^ and < e < Eq. 

We want also to remark that the estimates for p = 2 are enough to prove the 
bijection between the critical connections, but for the identification between the 
flows between the critical points, which is discussed in [5], we need the theorem 
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also for p > 2. We recall that by the lemma ITT] for perturbed geodesic S = A + 'i/dt 
we can associate a two form lo defined as the unique solution of 

d^d^w = [{dtA - d^*) A (dtA - d^*)] 

which is equivalent to 

cu = dA{d\dAr\VtidtA - d^*) + *Xt{A)). 

Theorem 7.2. We choose p > 2 and we assume that there is a constant cq such 
that 

(7.5) \{V^{a),a)\>co{\\a\\L2 + \\Vta\\L-f 

for every a G W^^^. Then there are two constants c > and £o > such that 

lkA(a)||Lp + ||Vt7r^(Q!)||LP + ||Vj7r^(a)||LP 

<c(£||I?" (a» dt||o,p,s + IkA (a» + *[a A llip), 

(7.7) lla + ^dt\\2,p,, < c{e \\V'{a, ^j)\\o,p,e + (2?f (a, V-) + *[« A H) IIlp), 

||a + ipdt- 7rA(a)||2,p,e 
^^■^^ <c {e^\\V'{a, V')||o,p,s + elkA (2?f (a, V^) + A H) > 

|ja-7r^(a)||2,p,e <c£'||I?f(a,^)|jLp +ce4||I?^(a,V')l|Lp 

(7.9) 

+ ce2||7r^ (2?f(a,V) + *[a A *uj]) \\ lp 
for every a + ip dt £ W'^'P and < e < ea. 

Remark 7.3. The condition (|7.5p is always satisfied whenever the Jacobi operator 
is invertible because there is a positive constant c sucht that |la||^2 < c (T>°{a), a)^^ 
and 

II Vtall^. = \{nA {VtVta) , a)^, \ < c\ (2?° (a), a)^, \ + c\\a\\l, 
where the last estimate follows from the definition of 'D'^{a) and (|7.ip . 



We first prove the theorem 17.21 using the theorem 17.11 which will be discussed 
later. 



Proof of theorem \7.2\ In order to prove the theorem we start with the estimates 
proved by Hong (cf. |5 ) and discussed in [8] 



lkA(a)||L2 + ||Vt7rA(a)|k2 

(7.10) 



<c||7r^(2?f (SO)(a» + *[a A H)IIl2 + c||(l - ^A)(a)||L2 
+ c\\Vt{l - t^a){q)\\l^ + ce2||Vti/^||L2 + e^ii^ii^^ 
+ c£2||l?^^(S0)(a»|U2, 

IKA(a)||L2 + ||V(7r^(a)||i2 
^ ' ' <c {eW («, ^) llo,2,. + IkA (I?f (a, ^) + *[a A H) lUO 
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and in addition for q > 2 we have that 

||VtVt7rA(a)IL, <c\\idA + d\)\7tytnAia)\\L. + \\n tTT Aia)\\ 
<c||Vf7r^(a)||^, -|-c||7rA(Q!)||^, 
(7.12) + Ik^ {Vl{a + i,dt) - *[a, 

+ c||q!||l, + cIIVjIIl, + c||Vt(l - ■nA)a\\Li 
<c {e\\V' (a, ^) ||o,2.e + \\tia {VI (a, ^) + *[a A H) IIlO 

where the second inequahty foUows from the commutation formulas, the definition 
of Pf and the triangular inequality and the third by the theorem 17.11 and (|7.1ip . 
Finally, in the case p = 2, the theorem 17.21 follows from the theorem 17.11 and from 
the inequalities (|7.1ip and ()7.12p for q ~ 2. For 2 < p < 6 we use the Sobolev's 
theorem 16.41 for e = 1: 

\WA{a)\\Lp + \\VtTrA{a)\\Lp 

<c(||7r^(a)||L2 + ||Vt7rA(a)|lL2 + |1 V?7r^(a)|lL2) 

(7 13) 

<c(e||I?^ (a, V)rfi||o,2,5 + IkA (a^V-) + *[a A H) IIlO' 
<c{e\\V' (a, V) rfi||o.p,e + hA {VI {a,ilj) + *[a A H) \\lp), 

where the third step follows from the Holder identity. (|7.12p , (j7.13|) and the theorem 
O yield now to the estimates (^Tl\ . ((7^ and ((7^ . The estimate ([7^ follows then 
from (|7.12p with q = p, (|7.7p and (|7.8p . In order to prove the estimates for p > 6 
we proceed in the same way. By the Sobolev's theorem l6.4l for e ^ 1 and the Holder 
inequality: 

||7rA(Q!)|lLP + \\VtTrA{a)\\Lp 

<c {hA{a)\\L^. + ||Vt^A(a)|U3 + IIV^^aWIIls) 

<c(e||I?^(a,V)rfi||o,3,e + lkA(2?f (a,V^) + *[aAH)llLO' 
<c{e\\V^ {a,^) dillo^p^e + hA {V\ (a, V) + *[a A *uj]) \\lp). 

The estimates (|7.7p . (|7.8p and (|7.9p are a consequense of ()7.14p and the theorem 
(frTjl : JLH) follows then from (fTl^ with q ^ p, ^1!) and □ 



Lemma 7.4. FFe /laue f/ie following two commutation formulas: 

(7.15) [dA,Vt] = -Ptv4-dA*)A-]; 

(7.16) [d*A,Vt]^^[{dtA~dA-^)A*-]. 

Proof. The lemma follows from the definitions of the operators using the Jacoby 
identity for the super Lie bracket operator. □ 



In the following pages we prepare the proof of the theorem 17.11 and in order to 
do this we start showing the next result. 

Theorem 7.5. For 1 < p < oo there exist two constants eo > and c > such 
that 

(7.17) m2,p,e < C {\\{d\dA - e^Vt^t)i>\\LP + Ik||l,p,e) 

(7.18) lla||2,p,e < c {\\{dAd*A + d^dA - e^VtVt)^!^^ + ||a||i,p^e) 
for every 1-form a G W^'^ and every 0-form Tp G W^'^, < e < Eq. 
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Proof. Wc prove the theorem in four steps and in the first three we work in local 
coordinates and hence we consider the following setting. We choose a metric g — 
(7r2 ©di^ on [/x R C x R with U open and contained in a compact set, a constant 
connection Ec = Ac + "^cdt e fl^{U x R, g) of the trivial bundle ?7 x R x SO(3) -^• 
[/ X R which satisfies Fa^ = and a positive constant cq. Furthermore we pick a 
connection E = A + "ifdt E il^{U x R, g) which satisfies 

||(i - A) + (* - ^) dt\\oo,e + \\d*AA - A)\\l^ < CO, 

(7.19) WdAiA ~A) + dAi^ - ^') d<||oo,e < Co, 

e|| Vt(i -A) + Vi(«' - *) d<||oo,e < Co. 
Step 1. For 1 < p < oo there exists a constant c, such that 

(7.20) UWw-.p < c{\\d*dij\\Lp + Mw^.p) 



(7.21) 



|a||vi/2,p < c{\\{d*d + dd*)a\\LP + \\a\\w^.p) 



holds for every 0-form ■0 G ^^'^([/xR, g) and every 1-form a e Wc2,p(^xR, r*(;7x 
R) X g) with compact support in J7 x R. 

Proof of step 1. The first step follows directly from the Calderon-Zygmund inequal- 
ity, i.e. 

Ilulliv^-p < c(||Agu||LP + ||u||vvi.p) 

for every u e W^'^iU x R) with compact support in [/ x R. We refer to the chapter 
2 and 3 of ,18^ for the details. □ 

Step 2. For 1 < p < oo there exists a constant c, such that 



(7.22) 



|Hc,2,p,e 



< c 



d*A dA^i^-e^Wf^Wf^iP 



LP 



(7.23) ||a||H..2,p,s < c [d*AjA^ + dAJX " e'^f ^Vf ^ 



LP 



+ I1«I1h.,i.p,. 



holds for every 0-form ip e W'^^^iUxM., g) and every 1-form a G VP^^^p^jj^R, T*{Ux 
R) X g) with compact support in [/ x R. 

Proof of step 2. First, since the norms || • Ww^-p and |1 ■ ||H^,i,p,i are equivalent 

„2,p,l <||V'lllV2.P -|-c||Sc||ci||'0llwi.P 

<c(||(d*d)V||Lp +c||?M|s,,i,P,i +c|lSc|lL-||V'||ip) 
<c (Id^^dA.V' - Vf^VfW^II^^ + (1 + ||S,||cOIIV'I|h..i,p.i) 



<c 



and analogously 

||a||H..2,p.i < c (II (d^i^d^, + dAJX - Vf^ Vf=) 



LP 



,1,P,1, 
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Next, we define a O-form ip :— tp^XjEt), a l-form a :— a{x,et) and the connection 
A{x, t) + ^{x, t)dt = A{x, et) + e^{x, et)dt, then 



LP 



LP 



and analogously, 

l|a||He,2,p,e 



ll"llA+*(it,2,p,l 

<cei (||(d*jd^ + d^d*i-Vfvf)c 



LP 



A+<!/dt,l,pA 



LP 



□ 



Step 3. For 1 < p < oo there exists a constant c, such that 



(7.24) 



(7.25) 



I"IIh,2,p,c < C 



LP 



ll^llH,l,p,e) 



LP 



holds for every O-form -0 e iy2,P(^xR, g) and every l-form a e W^'P{UxR, T*{Ux 
M) X g) with compact support in J7 x M. 

Proof of step 3. The third step follows from the second step and the assumption 
(ESI). □ 

Step 4. We prove the theorem. 

Proof of step 4- We choose a finite atlas {Vi, (pi : Vi Y.X S^}i^i of our 3-manifold 
S X S^. Furthermore, we fix a partition of the unity C C°°(S x 5*^ [0, 1]), 

Pii^) — 1 for every x € S x S*^ and supp{pi) C (pi(Vi) for any i G I. Fur- 
thermore, we denote by = + ^^rfi G r2(Vi,0) the local representations of the 
connection A + 'i/dt on Vi and by ai the local representations of a. We choose the 
atlas in order that each satisfies the condition (|7.19p for constant connections 
S^. Then by the last step 



\\{pi o ipi)ai\\s„2,p,e <c{^i) {dA,d*A^+ dj^AA,- ^ t 

+ c(Ei)\\{pi o ipi)ai\\3,,i,p,e, 
If we sum up all the estimates we obtain 

'Pi)o:i\\Si,2,p 



{{pi o (pi)ai) 



LP(Ui) 



iei 



<J2<^^)\\{dA,dX+dXdA,-e^Vf'Vf^) ((p. o (^,;)a,) 

+ ^c{Ei)\\{pi o (pi)ai\\E„l,p,e + c||a||i,p,e 
iei 

<c(E)(^\\{dAd*A + d*AdA - £^VtVt)a||^p + ||a|U+*dt,i,p,£) • 



LP{Ui) 
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In the same way we can prove (|7.17|) . □ 

□ 

The next lemma allows us to estimate the non-harmonic part of a 1-form using 
its harmonic term and the elliptic operator dyid\ + d*^dA — £^Vj . 

Lemma 7.6. There are two positive constants c and Sq such that the following 
holds. For any i-form ^ £ W'^'P, z = 0, 1 and < e < Eq 

(7.26) Jj^W 

where A a = dAd*A + d\dA. 

Proof. In this proof we denote the norm || • by || ■ ||. If we consider only the 

Laplace part of the operator, we obtain that 

mr'ii, ^e^du + AAOdt - / u\r' {e'mf + \mf + \\d*A^\f) dt 

+ / {p-2mr-^{^,dtO'dt 

and thus 

/ mr'ie^dtir + \\dA^r + \mr)dt 
< I mr\^,-e^dj^+AA^)dt 

(7.27) 



< / Ur-'\\e^ds^- e^dU + ^A^Wdt 
<(^Jieirdi) ' (^J^Je'ds^-e'd^^ + AA^rdt 



where the second step follows from the Cauchy-Schwarz inequality and the fourth 
from the Holder inequality. Therefore, by lemma lA. 31 

urdt < I mr^ [UAif + \mr + hA{or) dt 

and by (|7.27p we have that 

p — 1 jL 

+ / mr'hAmdt 

in addition by the Holder inequality 



<(/^Jierdi) ' (^I^Jl-e'df^ + AAa'dt 
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thus, we can conclude that 

/ urdt <cf (II - s'd!^ + A^cr + hAimn dt. 

and hence we finished the proof of the lemma using that ||'I'||l=° + ||(9i^||Loo is 
bounded by a constant. □ 

Proof of theorem \7.1\ By lemma IA.31 for any 6 > there is a Cq such that 
<(5(||dAa||^, + ||rfA * '^IIlp) ^' / l|Q^II/,2rfi 

<5 (llrfAalliP + II^A * allip) + CqCi / ||7r^(Q;)||^2di 



+ C0C1 / W - e^Vfa + AAaWl^dt 

<S (||d^a||^p + ||dyi * all^p) + coCiC2||7ryi(Q;)||^p 

+ C0C1C2II - e'^Vfa + A^a||^p 
<S (lldAalliP + II^A * a|lip) + coCiC2||7rA(a)||^p + C4e^^||a||^ 



LP 



P 

LP 



+ coCiC2e^Pm{mip + c^e^^W 
where the second step follows form the lemma 17.61 and the third by the Holder's 

p-2 

inequality with C2 := (/j^ dvols) . If we choose therefore 6 and e small enough 
we can improve the estimate of the theorem 17.51 using the last estimate and we 
obtain (17^21). i.e. 



||el|2,p,s<c(£^||I?^(0||0,p,. + |kA(«)||Lp); 

furthermore (|7.3p can be proved by 

11(1 - ^A)el|2,p,e <C£'||P^((1 - 7TA)mo,p,e 

<cs^ {\\V'imo,p,e + ll-VtVt^A(a) - d * XtiA)7rAia)\\^,) 



2 

— * [TTAia) A * {dtA - dA"^)] dt 



LP 



<c {e^V^mo.p^e + ||VtVt7r^(a)||^p + e |kA(a)|lip) 

7.4p follows from 

11(1 - 7r^)a||2,p,. <ce^\\V'{{l - 7r^)a)||o,p,e 



LP 



<ce'\\Vl{{l-TrA)a)\\ 

+ ce ||2 * [(1 - TrA)a A * {OtA - dA*)]|liP 
<ce^Vl{0\\o,p.e + ce\\{l^TTA)a\\^, 



e'\\-VtytnAia)-d*Xt{A)TrA{a)\\ 



LP 



+ e'\\2[^,{dtA-dAm\Lp 
<ce^ (||Pf (Ollo.p.e + ||VtV*7r^(a)||^p + ||^A(a)||ip) 

+ C£||(l-^A)a||iP +C£2||V||lp, 
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indeed, if we choose e small enough and we use (|7.3p to estimate ce^| 
conclude 

11(1 - 7r^)«ii2.p,e <ce' {mm\L^ + e'mmL^) 

+ (||VtVt7r^(a)||^, + ||7r^(a)|l^,) . 



LP we 



□ 



8. Quadratic estimates 

In the next chapter we will prove the existence and the uniqueness of a map T"^'^ 
between the perturbed geodesies and the perturbed Yang-Mills connection provided 
that £ is small enough; in order to do this we need the following quadratic estimates. 

Lemma 8.1. For any two constants p > 2 and cq > there are two positive 
constants c and Eq such that for any two connections A+'i'dt, A+'i'dt g A^'^{PxS^) 



V 



(8.1) 



■{A + ^dt)-V-{A + ^dt)){a,^)\\^^^^^ 

<-^\\A-A+{^-^) dt\\ooM\a + Ht\\l,P,e 

+ ^\\a + ^dt\\ao.e\\A - A + - 



{V^ {A + ^dt) - {A + '^dt)){a,i^)\\^ ^ 
<-^\\a + ipdtW^^^Wa + ipdtW 



l,p,e 



(8.2) 



+ -J (||dA(5||L°= + lld^allioo + e||Vta|lL^) ||a + il^dt\\o,p,, 



£2 

+ ^ (^eWdAi'h^ + £^||Vti/;||Loo) ||a + i^dtWo^j 



holds for every a + ^Ij dt £ W^'P and A + ^ dt = A + '^dt + ce + ijjdt with \\a + 
'ipdt\\oo,s < Co (ind any < e < Eq. 

Proof. On the one side, the difference between the two first components can be 
written as 



(viiA + 'i'dt) -Vl{A + '^dt)ya,Tjj) 



(8.3) 



...[^d,iA-AH,U-A).iA-A, 
-A^*\(A-A)A *[(A ~ A) A a]] 

£^ 

+ -^d*j^[{A - i) A a] - ^ * [(A - i) A *d^a] 
- 2 [lb, (VtiA - i) - - *) + [(* - *), (A - A)] 
(* - ^), (Vta + [(* - ^), a])] - Vt[(^ - *), a] 
[{A - ^) A *a 



{A- A) A [d*^a~*\ 



1 

-^d^ * [{A - A) A*a]+d* Xt{A)a - d* Xt{A)c 
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and on the other side, 



(8.4) 



(v'^iA + ^dt) -Vl{A + ^dtj^ (a, V) 

= ^ * [" ^ * - ^) - dAi"^ - - P - (* - *)]) 

-1* [(A-i)A*([(A-i),V]+(iiV') 

+ - i) A V'] - [(* - ([(* - V] + Vt^) 

-Vt[(*-§),V]. 



The lemma fohows estimating term by term the last two identities. 



□ 



Next, we consider the expansions, for a connection A + '^dt S A^'^{P x S^) and 
a 1-form a + tljdtG W^'P, 

JP^ + Q, * + V) = ^1 *) + (A, *) (a, V) + Ci {A, *) (a, V) 



J^i{A + a, + V) = *) + V'^iA, ^){a,^)dt + C2{A, *)(a, 

and we prove the following estimates for the non linear terms Ci(A, ^)(a, ^) and 

C2(A*)(«,V')- 

Lemma 8.2. For any constants cq > 0, p > 2 and any reference connection Aq + 
^odt G A'^'P{P X 5^), there are two positive constants c and eq such that for A + 

G A'^^P{P X 51 ) 



(8.5) 



\\CiiA, *)(a, V) + C2(A, *)(a, V)di||o,p,e 



<^C ||a + ^i-rftllocellO! + V'rft||l,p,e 

+ \\a + i^dtWooA"^ -Ao + i^~ «'o)dt||i,p,e 



(8.6) 



TTAo {Ci{A, *)(«, V)) ll^p < + V'rfi||oo,c||(l - TTAo)" + ^d^h 
+ c\\a\\Loo\\a\\LP + \\'4)\\Loo\\VtnAo{oi)\\LP 
+ dlctlU" + 11^ - ^oIIlp) 

+ ^Mloo {\\d*AA - Ao)\\^, + IK* - *o)dt||l,p,e) 



-\\A-Ao\\UMl.+c 



U- Ao||Loo||*-^' 



LP 



for every a + tpdtG W^'^ norm \\a + il) dt\\oo,e < cq and every < e < sq- 
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Proof. By definition, Ci and C2 are 

CiiA, 1')(a, ^) =Xt{A + a)- *Xt{A) - d * X{A)a 

+ ^'^aIq^ Aa] + *[a a *{dAa + [a A a])] 
+ Wt[i^,a]-[i^,[tjj,a]] + \[a,d\{A-Ao) + d\a] 
^^■^^ + (Vta - dA^ + ^[a, *[a A *{A - Ao)]] 

- ^dA*[aA*{A- Ao)] 

- [a A (Vi(* - *o) + VtV^ + [V^, ((* - ^o) + m] 
-dA[V,((«'-*o)+V')], 

(8.8) 

C2(A, ^){a, V') =^ * [a A *(Vta - dA^p - [a, 1/']) - ^^aIV', «] 
+ ^[i/-, (d^C^ -Ao + a)- *[a A *{A - ^o)])] 
+ ^Vt*[aA*{A- Ao)] 

and if we estimate term by term, we have 

]\Ci{A, M')(a, ^) + C2{A, ^){a, V')di||o,p,e 

<— c ||a + V"^^l|oo.e||a + '4'dt]\i p ^ 

+ — c ||a + Vrfi||oo,e||^ - Ao + (* - *o)di|ll,p,e- 

Next, we consider 

TTA^CiiA, V) =7rAo + a) - - d * X(A)a) 

+ TTAo (^-^ * [a A *(dyia + [a A a])] 
- TTAo ( ^ * [(A - Ao), *[a A a]] + 2[V', WtTTAoi^)] 



+ TTA„ {[Vtip, a] + 2[i;, Vt(l - ^Ao)a] - [V-, [V', «]]) 



1 

(8.9) ■ 



TTAo ( ■^[a,d*j^{A- Ao) + d*^a] 



+ TrA„ (^-[ip,dAip] + -^[a,*[aA *{A- Ao)]' 

- (J2 [(^ - ^o)' *[" ^ - ^0)]] 

+ 7rAo (-[aA (Vt(*- *o) + VtV)]) 
+ 7rA„ (-[aA [V',((*-^'o) + V^)]]) 
-7rA„([(A-Ao),[^,((*-vI/o) + V^)]]), 

thus if we estimate all the summands we obtain (18.61). 
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□ 



9. The map T'^ '' between the critical connections 



In this section we will defined the map T^'^ which relates the perturbed closed 
geodesies to the perturbed Yang-Mills connections and for this purpose we assume 
that the Jacobi operator is invertible for every geodesic. The definition will be 
based on the following two theorems. 

Theorem 9.1 (Existence). We choose a regular energy level b of and p > 2. 
There are costants ep, c > such that the following holds. If = A" -I- "^''^dt G 
Crit^jf is a perturbed closed geodesic and 

is the unique solution of 

(9.1) d\,dAoal = e'Vt(atA" - d^o^-") + £2 ^ Xt(A°), 

then, for any positive e < Eq, there is a perturbed Yang-Mills connection S"^ G 
Crit^^e,/f which satisfies 

(9.2) (S^ - S") = 0, ||S--S«||^^^^^<c£2 
and, for a + xjjdt — S", 

(9.3) 11(1 - ^Ao){a ~ ag)||2,p,e + ^ Udt\\^,p,e < c£^ 

(9.4) ||7r^o(a)||2^p^i+e||7r^o(a)||^^ <c£2. 

Remark 9.2. As we already mentioned, a similar version of the theorem 19.11 was 
proved by Hong in for p — 2 and we refer to for a complete proof in our 
setting; the proof for a general p follows in the same way. 

Remark 9.3. The operator dt-% is defined using the L^-inner product as we explained 
in the section [5] and thus, it does not depend on the choice of p. 

Theorem 9.4 (Local uniqueness). For any perturbed geodesic 'EP £ Crit^ff and 
any c > there are an > and a 5 > Q such that the following holds for any 
positive e < Eq. If'EI^,'Ef^ are two perturbed Yang-Mills connections that satisfy the 
condition 

d% (S^ - s") = (S^ - SO) = 

and the estimates 

Hl-^ - -l2,p, + 11(1 - -^")(-^ - -° - «o)|L,,,, < ce' 
with q:q defined uniquely as in i9. 1\) and 

(9.5) p^-S°|l -Kp=-5°|| <fc, 

^ ^ II 1 1 1 1 1 1 oo,£ — ' 



then = 



If a connection e A{P x S^) satisfies 



< S'e^^p , then it follows 

2,p,e 

from the Sobolev embedding theorem lOl that satisfies (|9.5p with S = {l + Cs)S', 
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where Cg ist the constant of theorem l6.4l Therefore the inequahty 
ce^ imphes (|9.5|) whenever e < ei and ei is sufficiently smaU, i.e. if 

S 



< 



El < min < Eq, 



2c, c 



where Eq is given in theorem l9.4l Thus, if we choose in the theorein l9.4l £n satisfying 

ceq + CsCEq " < S we have that, for each < e < Eq, in the baU Bce^ (S°, || • ||2,p,e) 
there is a unique perturbed Yang-MiUs connection which satisfies the condition 




Figure 1. Existence and uniqueness. 



Definition 9.5. For every regular value 6 > of the energy E there are three 

positive constants Eq, S and c such that the assertions of the theorems 19.11 and 19.41 

1-1 

hold with these constants. Shrink Eq such that ceq + cCsEq < S, where Cg is 
the constant of Sobolev theorem 16.41 Theorems 19.11 and 19.41 assert that, for every 
S° e Crit^ff and every e with < e < eo, there is a unique perturbed Yang-Mills 
connection S*^ G Crit^^^.H satisfying 

(9.6) \\E^-EX^^^^<ce^ 41,(5^ -S°) = 0. 

We define the map T"^'' : Crit^„ Crit^^,,„ by T'^^'EP) := where G 
Crityj^c.H is the unique Yang-Mills connection satisfying (19. 6p . 

The map T'^ '' is gauge equivariant because the construction of the perturbed 
Yang-Mills connection in the proof of theorem 19.11 is gauge equivariant, since the 
map J-^ and the operator are so. Furthermore, since Go{P) acts free on A{P), 
the gauge group Go{P x S^) acts freely on A{P x S^) and on the set Crit^ff and 
thus T^^'' defines a unique map 

(9.7) f''' : Crit^B«/go(P x S') ^ Crit^^,,./go(P x S'). 

In addition, there is a 7 > which bounds from below the distance between any 
two different perturbed geodesies on Ai^{P). Therefore the map T^"'' is injective if 
we choose e < Ei such that 2cef < 7 and £1 < eo, where c and eo are the constants 
in the last definition. 
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Next, we state two useful lemmas concerning the 1-form ag; the first one follows 
from the regularity properties of the geodesies (cf. [5] or [7]). 

Lemma 9.6. For any perturbed geodesic 'EP = + ^^dt G Crit^H there is a 
unique 1-form a^, ao{t) £ il^(Y,,gp), which satisfies 

(9.8) d\odAoaf,^e^Vt{dtA" ~dAo'i'")+e^*XtiA^), a^Gimd^o- 
In addition there is a constant c > such that 

(9.9) l|aoll2,p,i + ||aolk~ + NAoaolU- + l|Vtag||L- < ce^ 
for any varepsilon and for Sf :— S*^ + G A{P x S^) 



(9.10) 



m{El)\\^,<cs^, ||-F|(S^)||^, < 



Lemma 9.7. For any perturbed geodesic 2*^ = ^*^-1- 'i'^^dt and for Sf defined as in 
lemma \9.6\ the following holds. There exist two constants c > and eo > such 
that 

\\'^Ao{a)\\LP + ||Vf7r^o(a)||LP + || 7r^o(Q!)||LP 

<ce (SD (a, V) 1 1 o,p,e + c I kAoI?f(5D («, ^) II 0,p.e . 



(9.12) 



|la-7r^o(a) + V' c?i||2,p,e 

<c£2||I?-(Sf)(a,V')||o,p,e + ce||^^oI5f(5f)(a,V')||o_p_,, 



LP ' 



(9.13) |la~7r^o(a)||2,p,e <ce^ \\Vl{El){a,^j)\\^, + ce* \\V'^iE{){a,4')\\ 
for every a + 'ip dt £ W^'^ and any positive e < Eq. 

Proof of lemma \9.7\ On the one side by the quadratic estimate (|8.2p 

||I?^(Sl)(a»-2?^(SO)(a,^)||o^p,e 

(9.14) <ce-^ iWaoh^ + WdAoatth^ + s\\\/faf,\\L^) \\a + ^ dt\\i,p, 
<c\\a + V"^^l|i,p,£- 



where the last estimate follows from (|9.9p . On the other side, we remark that the 
w defined by (eq:thm:geod:dasdsgf) is exactly ^d^oag and thus for the harmonic 
part we obtain 

TTAo (vliEl)ia,i:)~ (vl{E''){a,i:)-^*[aA*dAoa'o?j'j 



— * [ag A *[ag A a]] - 2 [if;, Vta§] 



and hence 



(9.15) 



— * [ttg A *dAoa] + — [ofQ A {d*Aoa - *[ao A *a])] ^ 
TTAO (vi{El){a, V) - (S°)(a, ^) + ^ * [a A *d^oao]) 



<3ll"olli-ll"IU- 



+ ^ (llaolk- +e||ViaolU-) 11(1 -7r^o)a + Vrfi||i,p,< 



<c£^||7ryio(a)||ip + c||(l - 7r^o)a + ^dt\\i^p^e 
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By the lemma we have 

II (1 - TTyio) a + ^dt\\^^^^^ + £ |l7rAo(a)||2_p_i 

<c£2||I?^(S0)(a, ^)||o,p,, + cellTT^o (Pf (SO)(a, ^) + *[a A H) Ik- 
<ce'||I?^(SD(a,^)||o,p,. + c£||7r^oI?f(SD(a,^)||o,p,s 
+ ce||a — tt^oq; + t/j (it||i,p,£ + c£^||7r^oa|| i^p^^. 

where the second inequahty fohows from (|9.14p and (|9.15l) . Therefore (|9.16p imphes 
the first and the second estimate of the lemma choosing e sufficiently small. The 
third estimates follows combining (|7.9p . (|9.14p . (I9.15P with the first two inequality 
of the lemma: 

||(l-^^o)a||2^^^^ <c£2||2?^(S0)(a»|U.+c£4||2?^(S0)(a,V)|U. 

+ c£2||7r^o (Pf V^) + *[a A H) lU'' 

(9.16) <cs^VliEl)ia,n\L.+ce^VU^m^,n\L. 

<ce^vm){a,n\L.+ce'\m{mo^,i')\\L. 

□ 

Proof of theorem \9.4\ Since 'EP is a geodesic, by lemma [9?6l we can define a connec- 
tion Sf = S° + al such that ||q;oI|2,p,i + HrfAoaolU^ + e||VtQ;Q||L^ + ||aQ||L^ < ce^ 
and 

(9.17) \\T^{El)U.<ce^ ||J-|(SDI|l. <c. 
Therefore we have, for — Sf —: a'^ + ip'^ dt and c£ < (5, 

(9.18) ||S^-Sf||i,p,, + ||S^-Sf||oo,e <2fc 

and for i = 1,2, since S*^ is a Yang-Mills connection which satisfies d~o (S^ — EP) = 
0, and thus ^■'^(S'^) = 0, 

(9.19) VtiEDiE^ - El) = -Ct{E\){E^ - E\) - Ft{E\). 
By lemma [9J1 we get 

II (1 - TTA°)a'^ + r dt||2,p,s + £|kAo(a")||Lp + £||Vt7r^o(a^)||LP 

< c {e'\\V%E\){E^ - SDIIo.p,. + £||7r^o(2?-(SD(S^ - SD)||o,p,.) 

<cA\C' [E\{E^ - SD||o.p.e + C£2|| J-^(SD||o,p.e 

+ ce\\irA<Cl[E\){Ef - SD)||o,p,. + c£||7r^o(J-[(S^))||o,p,. 

<c£^ + c5\\{l - 7rAo)a^ + Tp" (ii||i,p,e 

+ c5 (£||7r^o(a'')||iP £||7r^o(a^)||ip) 

where in the second step we use (|9.19p and the third step follows from lemma W% 
and the estimate of the curvatures (|9.17p . Thus we proved the estimates HS"^ — 
2i||2,p,e < c£^ and hence ||S'^ — S^||2,p,e < c£^. Since E^ satisfies F^{E^) = by the 
assumptions, we can write 

Vl{E\){E^ - E^) = {Vl{E-) + {Vl{E\) - Vl{E-))) [E^ - E^) 

= C!{E-){E^ - E-) + {Vl{E\) - VtiE-)) {E^ - E^) 
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and by the quadratic estimates of the chapter [8] 



\0,p,e, 



+ ceWTTAomm " T^tm) (S^ - 2^))llo,p,< 
<ce'--p\\{E^-E^)-7rM^''^' 



ce^-p ||Vt^Ao(S^ - E') A dt\\o,p,e + ce' ^||7r^o(S^ - S")||o,p,e, 



we obtain by the lemma IQTtI 
||(l-7r^o)(S--S-)||2,p, 

+ £||Vt7r^o(S^ -S'-j||2,p,i 



e|l7r^o(5^-S-) 



LP 



<ce^\\V^{E^){E' -E^ 



0,p,6 



■ce\\i^AoV\{E^){E? -E^ 



l0,p,E 



LP 



LP ) 



and thus, ||^^ — ^'^||2,p,e = and hence = in for e small enough. □ 

Local uniquess modulo gauge. The following theorem states a uniqueness 
property. The result is interesting, but it will not be used in the next chapters and 
in particular it will not enter in the proof of the surjectivity of 7"^'^ on the contrary 
to what one might expect. 

Theorem 9.8 (Uniqueness). We choose p > 3. For every perturbed geodesic E'^ E 
Crit^ff there are constants Sq, Si > such that the following holds. If < e < Eq 
and E^ G Crit^_^e,ff is a perturbed Yang-Mills connection satisfying 



(9.20) 



l.p.e 



< Sie 



i+i/p 



then there is a g & Go ^iP x S^) such that g*E'' = r^^^(S°). 

Theorem 9.9. Assume that q > p > 2 and q > 3. Let E^ ^ A° + G 

A^'^{P X S^) be a connection flat on the fibers, i.e. F^o = 0. Then for every 
Co > there exist Sq > 0, c > such that the following holds for < £ < 1- If 
E^A + '^dte A^^P{P X S^) satisfies 



(9.21) d*Ao [A - A°) - e^Vf (* - *° 



LP 



< CqS 



1/p 



I MO,ij,e — " ' 



then there exists a gauge transformation g G Qq'^ such that dlo(3*'^ ~ ^' 



and 



(9.22) 



< ce' 



l4o(2-s°)| 



LP 



Proof. The proof is the same as that of proposition 6.2 in [3l. In fact the theorem 
9.91 is the 3-dimensional version of the proposition 6.2 in which works with 4- 
dimensional connections. Between this two statements there are a few changes that 



^The 0-form dlfiCH - 2°) in the cited proposition is defined by d*^g{A - A") - e^Vf ("I' 
— e^V*''(<I' — 'J"") and the norms are defined in chapter 4 of the paper. 
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are a consequence of the differences in the Sobolev properties (theorem 16.41 above 
and lemma 4.1 in [3]). Therefore here we can work with g > 3 instead of g > 4 
because we have a 3-dimensional manifold and we do not need the condition qp/{q— 
p) > 4; furthermore, we can replace e^/^', e"^/'', e^/^ by e^/P, e~^/P, e^/* because in 
the proof of the Sobolev theorem l6.4l we rescale a 1-dimensional domain instead of 
a 2-dimensional one. In addition, we remark that the gauge transformation g is an 
element of Gq'^{P) and this follows from the proof of the theorem; in fact, the gauge 
transformation g G Q'^'P[P x S^) is a limit of a sequence {gijieN C G^'^{P x S^) 
defined by gi = exp(?7o) exp(ryi)... exp(77i) where r]i £ W'^'P{T, x S^,qp) are 0-forms. 
Therefore, the sequence {g^ligN hes in the unit component of the gauge group and 
hence in Ql'^iP x S^). □ 



Remark 9.10. In the proof of the last theorem we can not use the local slice theorem 
directly, because although the operator dt^od-^o is Fredholm and invertible on the 
complement of its kernel, the norm of its inverse depends on e and hence we do not 
obtain an estimate independent on the metric and thus not independent on e. 



Proof of the uniqueness theorem \9.8l Let = + '^'^dt be a perturbed Yang- 
Mills connection which satisfies (|O0)) with E° ^ A° + then 



(9.23) 



d*Ao(A' - A°) - e^vf (*^ ~~ 



LP 



LP 



< 2 



and therefore the first condition of the assumption (|9.2ip of theorem l9.9l is satisfied 
for e sufficiently small; the second one follows if we choose 6is < 6o and q = p. 
Thus there exists, by theorem 19.91 a gauge transformation g G Q^'^ such that 
dlo{g*t^ -S^) = and 



(9.24) 

Then 
(9.25) 



- 



<C£2 1 + £-l/P 



<2c 



d\,,{A' - A°) - e^vf - 



LP 



g*E^-E° 



< 



1,P,£ 



g*E' - 



5e ^0 



and by the Sobolev embedding theorem 16.41 we have also that 



LP 



< (4c5i +(5i)£i+i/f 



(9.26) 



g*E^-E° 



< Cs(4c+ l)(5i£. 



where Cs is the constant in theorem 16.41 Finally, we can apply theorem 19.41 with 
i5i < S/{{cs + l)(4c + 1)) for E" = g*E'' and E" = T^'^{E^) and we can conclude 
that = r'''''(SO). □ 
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10. A PRIORI ESTIMATES FOR THE PERTURBED YANG-MILLS CONNECTIONS 

In this chapter we explain some a priori estimates that we will need to prove 
the surjectivity of the map T'^'^ and we organize them in three theorems. First 
we show some L^(S])-estimates for the curvature term Fa ftheorem llG.ip . then the 
L^(S])- and the L°°(I])-estimates for the curvature term dtA — dA^ (theorems 110.21 



Theorem 10.1. We choose p > 2 and two constants b, ci > 0. Then there are two 
positive constants e^, c such that the following holds. For any perturbed Yang- Mills 
connection A + '^dt G Crit^_^s,jf, with < e < Eq, which satisfies 

(10.1) sup ||9t^-(iA*||L4(E) < Ci, 

we have the estimate^ 

(10.2) ||F^||3,2,e <ce2, 
sup ( ||Fa||l2(s) + ||Fa||l~(e) + WaFaWl^^y.) 

(10.3) 

+ WdAd^FAWm^) + e||VtF^||i2(s) + e^VtVtFA\\m^)) < cs^-^^p. 

Theorem 10.2. We choose two constants Ci,C2 > 0, an open interval il C M and 
a compact set K d Q. Then there are two positive constants 6, c such that the 
following holds. For any perturbed Yang-Mills connection A + "^dt G Crit^_^e,H 
which satisfies 

(10.4) sup ||Fa||l2(e) < sup \\dtA - dA«'||i4(s) < ci, 

ten teo 

we have the estimates, for Bt ^ dtA ~ dA^^ , 



dt 



(10.5) supe^llB.lll < c / (e'||St||i2(s) + \\Fa 
teK Jn ^ 

(10.6) sup ||d^i?t|li2(s) < cj^ (^WdABtWl.^^^ + ^\\FA\\h^s) + \\Bt\\h^^)^ 

where ^/cJ7(^ is a constant which bounds the L°°-norm of Xt{A). The constants c 
and 5 depend on Q. and on K, but only on their length and on the distance between 
their boundaries. Furthermore, ifO<e<C2, then 

(10.7) sup \\d*AdABt\\l,(^^^ < cj^^ (e'||Bt||i2(s) + \\FA\\h^^) + e'c^,(^)) dt. 

Remark 10.3. The estimates pO.Sp and (|10.6I) hold for any e and this will play a 
fundamental role in the next section where we will have a sequence of perturbed 
Yang-Mills connections in Crit'^j^ci.H with e.^ — >■ oo. 

Theorem 10.4. We choose a constant b > 0. Then there are eo, c > such that 
for every positive e < Eq the following holds. IfBI^ :— A'^ + ^!^dt € Crit^_^e,ff is a 
perturbed Yang-Mills connection, then 

(10.8) \\dtA' -dA^^U'W^^^^^Kc. 
First we prove the next theorem. 



^The operator Vt is defined using 'J'. 
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Theorem 10.5. We choose S, b > 0, then there is a positive constant eq such that 
the following holds. For any perturbed Yang-Mills connection A+'i/dt G Crit^^E,ff, 
with < e < £o; 

sup WFaWl^^) < S. 

Proof. The theorem foUows from the perturbed Yang-Mills equation and the Sobolev 
theorem 16.41 in the following way. If we derive the identity 

\d*AFA - VtBt - *Xt{A) - 



by dA and Vf we obtain 
1 



^^dAd\FA - dAVtBt - dA * XtiA) 



1 



dAd\FA - ^t^tFA + [Bt A Bt] - dA * Xt{A) 



1 



,Vtd*AFA - VtVtBt - Vf * Xt(A) 



dUABt - Vt^tBt 



1 



[Bu*FA]-Vt*Xt(A) 



e £ 
and the i^-norm of the Laplace part of the last two identities is 

2 



1 



.dAd\FA - VfVf^^A 



\\dAd\FA\\l2+£^\\VtVtFA\\l2 

+ ||V(d^FA||i2 + e'([Sf A d^FA^^tFA) 
+ e^{Vtd*AFA,*[Bt,*FA]), 



-^d\dABt - VtVtBt 



L2 



\d\dABt\\l-2+e^\VtVtBt\\l. 



-e'WVtdABtWl^+e 
e^{VtdABt,[Bt,Bt 



[Bt,*dABtlVtBt 



Therefore we can estimate the || • ||2.2,£-norm of Fa and of Bt using the Holder 
inequality and the Sobolev theorem 16.41 

2 



\dAd\FA - VtVtFA 



\\Fa\\ 



L2 



L2 



+ ce\\Bt\\L2\\d\FA\\LA\ytFA A di||o.4,s 

+ fe2 \\Vtd\FA\\l. + ce^Bt\\l,\\FA\\l^ 
<£^ \\[Bt A Bt] - dA * Xt{A)\\l, + llF^lli^ 
+ ce^\FA\\la., + 5e^\\Vtd\F^ 



A 7-2 



<ce^\\Bt\\j2\\Bt\\2.2.. + e^\\dA * Xt{A)\^ 



>t\\L^\\i^t\\2.2,e 

2 , c 9 



<C£%Bt\ 



2.2, £ 



L^^\\FA\\h 
WFaWI. + ce-i \\FA\\i2,e + \\^td*AFA\\l. , 



ce^\\FA\\i2,e + Se'\\Vtd*AF^ 
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\Bt\\\2 



L2 



■ce||Bt||i2||d^St||i4||VtBt Adi||o,4,, 



Se'WVtdABtWi.+ce^BtWl.WB, 



^*[Bt,*FA]+^t*Xt{A) 



2 



+ cei\\B, 

<c\\FA\\h\\BtrL 
+ ce 



L2 



2 II D ||2 



5e^\\VtdABt\\i2 



-ce'WBtWl. 



ce 



Bt\\l^2,E 



<2\\Bt\\l2+ce^ 



C£2 



\VtdABt\\l2 
Bt\\i2,e + Se^ 



\Bt\\h 



iBtWh 



Hence we can conclude that 



IB. "2 



t\\2.2.e < M\Bt\\i2 + ce^ < c, 



\\FA\\i2,e < 4FA\\h + e'WBtWi, ^ 
and thus, by the Sobolev theorem 16.41 < ce' 



7 2 

ce < ce 

^II^A||L,s<cei 



□ 



In order to prove the theorem 110.11 we need the following lemma. 

Lemma 10.6. We choose R,r > 0, u : Bu+r C M. ^ M. a C'^ function, f,g 
Bji+r C M K such that 



f<g + d^u, M > 0, / > 0, 5 > 0, 



then 
(10.9) 



fdt< 



gdt 



u dt. 



Furthermore, if g = cu for a positive constant c, then 



(10.10) 



- sup u < 

2 Br 



u dt. 



Proof. For B^ C M'^ and the Laplace operator instead of the first estimate was 
proved by Gaio and Salamon in [3] and the second one by Dostoglou and Salamon 
in the lemma 7.3 of [3]. These two proofs apply also for our case. □ 

Proof of theorem \10.1[ In this proof we write Bt instead of dtA — cJa^' and we 
denote by || • |j and by (•, •) respectively the L^-norm and the L^-product on E. In 
order to prove the theorem 1 10. II we will apply the last lemma where we choose u to 
be the L^-norms on S of Fa, ViFa, d\FA and Vt^tFA] since the perturbed Yang- 
Mills are smooth provided that we choose e sufficiently small, as we discussed in 
the section [5l the regularity assumption of the lemma [10.61 is satisfied. In addition 
we recall that the Bianchi identity tell us that 

(10.11) dABt = ^tFA 

and by the assumptions of the theorem 



(10.12) 



\Bt 



dt < b, sup \\Bt\\L-i(T:) < Ci. 

tesi 
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Furthermore by the theorem 110.51 we can assmne that supjg^i < S where 6 

satisfies the assumptions of the lemmas [A. II and IA.2I for p = 2, which allows us to 
estimate any 2-form in the following way 

(10.13) \\l3\\L.(j:)<c\\d*Al3iyi3en^^,gp), 2 < g < oo. 

Step 1. We prove the estimate (|10.2p . 

Proof of step 1. If we derive ||i^4|P we obtain 
(10.14) 





VtFA 


2 


h 2(VtVtFA, Fa) = 2|| Vt^^All' + 2{VtdABt, Fa) 


=2| 


VtFA 


2 _ 


V 2{dAVtBt,FA) + 2([Bt A B^IFa) 


=2| 


VtFA 


2 _ 


h 2{VtBu d*AFA) + 2{[Bt A Bt], Fa) 


=2| 


VtFA 


2 _ 


h ^\\d\FAf - 2{*Xt{A),d\FA) + 2{[Bt A Bt^FA) 


>2| 


VtFA 


2 _ 


H ^^\\d\FAr - 2\{*Xt{A),d\FA)\ - m\l.^^^\\FA\ 


>2| 


VtFA 


2 _ 


V \\\d\FAf ' c\\Fa\\ - c\\d\FA\\ 



where the second equality follows from the Bianchi identity ()10.1ip , the third from 
the commutation formula (|7.15l) , the fifth from the perturbed Yang-Mills equation 
(153) and the last one from (110.121) . Thus, (|10.13p and (110.141) imply that 

(10.15) ll^^^ll^ < c\\d\FAf + ce^WVtFAf < cdf{s^\\FAf) + ^ + cSo\\Fa\\' 
and hence for Sq sufficiently small 

(10.16) \\Fa\\' + \\d*AFAf + e'\\VtFA\\' < cdUe^\\FAf) + ce^\ 
applying the lemma [TO. 61 for (|10.16p 

(IIF^IP + e^W^tFAf + \\d\FAf) dt < ce^ + ce' f \\FAfdt < ce^ 

JQ Jo 

by (|10.12p . Analogously to (|10.14p one can show that 

dUe'\\^tFAr + e^d*^FAr) 

>e^Vt'^tFAf + s^\\d*A'^tFAf + \\dAd*AFAf^ce\ 
df (e^llVtVtF^lP + s^VtFAW' + s^\\d*AFAf) 
(10.19) >e'||VtVtVt^^A||' + £^||d^VtVtF^|p 

+ e^llVtVtF^f + e^\\d*^WtFAf + \\dAd*AFA\\ 
Hence by the lemma [TO. 61 



(10.17) 



'2 cs\ 



(10.20) 



(10.21) 



/ {e^\\Wt^tFA\\^ + e^Wtd*^FAf + \\dAd*^FA\\) dt 
Jo 

<c [ {e'WVtFAW + e'\\d*AFAf + s'WFaW' 
Jo 

t {e^WWtWtWtFAf + e^\\^Ntd*AFAf) dt 
Jo 



dt < 



ce 
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and thus, ||Fa||3.2,£ < ce^ by (llO.lTp . (|10.20p and (|10.2ip and therefore we proved 
(ITq:21) . □ 

Step 2. +e^1|V,i^^||f.(^) +e4p||v,V*i^^||f.(^)) < ce^P. 

Proof of step 2. Using the estimates (|10.18p . (|10.19p combined with the lemma ETT] 
we obtain 

(e^llVtVtF^lP + e^\\VtFA\\' + \\d\FA\\') 
and since for f{t) = (e^H VtV^F^lP + e^^tFA^ + IM^J^aIP) 

^f/w^'^'a^vw + ^-^^^f{tY-\dtf{t)f > ^f{tr-^d^f{t)\ 

we have 

(e^ljVtVtF^lP + e^llv.^^^f + \\d\FA\\'Y 

<ce' {s^\\V,VtFAr+s'\\S/tFAr+s^d*AFArY-' 

+ ce'df (s'WVtVtFAr + s'WVtFAf + \\d*AFArY ■ 

Then, we apply the inequality ab < ^ + ^ with q = for the first term on the 
right side of the inequality for a = ce^ and b = f{ty'^^ and hence 

- {e^W^t^.FAf + s^W^^FaW + \\d\FArY 
(10.22) P 

<ce'^ + ce^d^, (e'W^t^tFAf + ^'llVti^^f + U^FaWY ■ 
Finally using the previous lemma [10.6I 

<C2e'^ + e^ f (\\d\FA\\%(^^+e^^VtFA\\\^^+enV^VtFA\\\^) dt 
^ 

and hence we conclude the proof of the third step choosing e sufficiently small. □ 

Step 3. For any p> 2, the estimate (|10.3p holds. 
Proof of step 3. The estimate (|10.22p yields to 



<ce2 [e^\\VtVtFA\\^ + e'llVti^^lP + U^FaW^ + e"—^ 

^e'dl [e%Vt^tFAf ^e^W^tFAf + \\d\FA\ 
and thus by the lemma [TO. 61 

sup (e^lld^F^lpP + ^2+2p||y^^|,2p ^ ^2+4p|,y^y^^^|,2p) 

Jo 
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By the perturbed Yang- Mills equation we can also estimate ||(iyid^FA|| in the fol- 
lowing way: 

\\dAd\FA\\ <e^\\dAVtBt\\+ce'' 

<e^\\\ItdABt\\+e'^\\[Bt^Bt]\\+ce^ 
<£2||VtVt^^A|| -f 4e2||Bt||i4(s) +c£2 

where the second inequality follows from (|10.13p and the commutation formula 
()7.15p and the third from the Bianchi identity (jlO.lip and the Holder inequality. 
By the last two estimates and by the lemma lA.ll we can conclude that 

sup {^FA\\ + \\FA\\L^ij:) + \\d\FA\\ 
tes^ 

+ \\dAd\FA\\ + e\\VtFA\\ + e^Wyt^tFAW) < ce^'^ ■ 

□ 

With the fourth step we finished also the proof of the thcorem llO.il □ 

Proof of theorem \10.2[ During this proof we denote by || • || and by (•, •) respectively 
the L^-norm and the inner product over S. We choose S small enough to apply the 
lemma [XT] and hence \\Fa\\ < c||c?^Fa|| holds for a constant c. 

Step 1. There is a constant c > such that 

snpe^WBtW^ <c [ {s^\\Btf + \\FAf + e^c^) dt. 

WdABtfdt < cj^^ I^WFAf + ^WFaW + e'\m' + dt. 

Proof of step 1. In order to prove the first step we compute 5j ||i3t|p and then we 
apply the lemma [TO. 61 By the perturbed Yang-Mills equation (|5.2p . we have tha 

\dnBtf=\\ytBtf + {ytVtBuBt) 

= \\VtBtf + \{Vtd*AFA,Bt) - {Vt*Xt{A),Bt) 

= \\VtBtf + \{d*AVtFA,Bt) + \{*[Bt,*FA],Bt) 

-{d*Xt{A)Bt+Xt{A),Bt) 
= \\VtBtf + ^WdABtf + ^{^[Bu^FA],Bt) 

- {d*XtiA)Bt+XtiA),Bt). 

where third step follows from the commutation formula (j7.15l) and the fourth from 
the Bianchi identity (jlO.lip . Thus, using the Holder, the Cauchy-Schwarz inequality 
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and the Sobolev estimate ||-Bt||L4(s) < c(||i?fj| + one can easily see that 

dnBtf >||V,i?,|P + ^WdABtf - + \\dABA\)\\FA\\ 

-c\\B,f-c\\X,{A)\\-m\ 
(10.23) 1 c 



c 

Hence using the lemma [TO.61 we can conclude the second estimate of the first step: 



J\FAr-c\\B,f-c\\XMW- 



{e^VtBtf + \\dM^)dt 

SI 

<c^^ {^^\\Fa\? + e^WBtf + e^c^^^^^ + c\\Fa\?^ dt. 

Since \\Fa\\l^[t.) < ^ and \\Fa\\ < c||d^F^||, by the theorems \KJ\ and 1X2] there 
is a e A'^{P) such that ||^ — Ai||i2 < c||^a||l2 and thus we can write 

(10.24) dA * Xt{A) = dA, * Xt{Ai) + [{A - Ai) A *Xt{Ai)] 

where dAi * Xt{Ai) = 0. Therefore, by the fifth line of the computation (|10.14p 

(10.25) Id^FAr > -^WdlFAW' + Iw^tFAr - ce'\\B,r - cWFaW 
and with p0.23p it follows that for a constant cq big enough 

{coWFAf + e'\\B,f + s'c^J > -c {co\\FA' + e'\\B,f + e'c^J . 
Finally by lemma flO. 61 we can conclude that 



supe'\\B,r<c I {e'\\Btr + \\FAr + s'c^Jdt. 



step 2. There is a positive constant c > such that 

sM\d\dABtf < c [ (\\FAf+e^\\Btf+e^c^,A) + \\d*AdAB, 



□ 



ill^ 



dt. 



Proof of step 2. Analogously to the previous steps we need to compute ^d^Wd^dj^BtW^: 

^d^\\d\dABt\\^ = \\Vtd\dABt\\^ + {WtVtd*AdABud\dABt) 
by the commutation formula ()7.15p and the Yang-Mills equation (|5.2p we have 

^\Vtd\dABtf + \{Vtd*AdAd\FA,d\dABt) 
- {Wtd*AdA*Xt{A),d\dABt) 
+ (Vt (- * [BtA, *dABt] + d*A[Bt A Bt]) , d*AdABt) 



36 REMI JANNER 

and applying one more time t (|7.15p 

= \\^td*AdABt\\'' + \{d\dAd\^tFA.d\dABt) 

+ ^ (- * [St A *dAd*AFA] + d*A [Bt A d^F^] , d^dABt) 

- \{dA * [Bt,*FA],dAd*AdABt) - {dA * ^tXt{A),dAd*AdABt) 

- {d*A[Bt A *Xt{A)] -*[BtA *dA * Xt{A)],d*AdABt) 
+ (Vi (- * [StA, *dABt] + d*A[Bt A Bt]) , d*AdABt) 

finally, by the Bianchi identity (|10.1ip and the perturbed Yang-Mills equation (|5.2 
we can conclude that 



^\^td*AdABtf + -^\\dAd*AdABt\\'' 

- {[*Bt A *dA{VtBt + *Xt{A))],d*AdABt) + \{d*A[Bt A d^FA^d^dABt) 

- ^{dA * [Bu*FA],dAd*AdABt) - {dA * VtXt{A),dAd*AdABt) 

- {d*A[Bt A *XtiA)] -*[Bth *dA * Xt{A)],d*AdABt) 
+ (Vt (- * [BtA, *dASt] + d*A[Bt A St]) ,d^dABt); 

The last computation implies 

dnd*AdABtf > -ce'WBtf - c\\\d*AFAf - ce'WVtBtf - c\\d*AdABtf. 



Therefore combining (|10.23p . (|10.25l) and ([TOl) 

(iMArfAStll' + coWFaW^ + coe^WBtW) > - ce^Btf ~ c\\FAf 

- c\\d\dABt^^ - e^c^^ 

and hence we conclude by the lemma [10.61 that 

sup \\d\dABtf <cj^ {\\FAf + e'WBtf + e'cj^^^a) + 1^1^^5*11') dt. 

Step 3. There is a constant c > such that 



□ 



sup WdABtW < c f (wdABtW^ + ^||F^||2 + \\B^\\A dt 
C2, then 

j^^ \\d\dABtfdt < ce^ J^^ (\\FAf + e^Btf + e^c^^^A)) dt- 



and if < e < C2, then 



Proof of step 3. Like in the previous steps we will prove this one using the lemma 
110.61 and therefore we need to compute i9t^||d^i?t|p. We consider 

^d^^WdABtW =\\VtdABt\\'' + {VtVtdABudABt) 
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using the commutation formula (|7.15p and the Yang-MiUs flow equation (|5.2p . 
have 



- {VtdA * Xt{A),dABt) + {Vt[Bt A Bt],dABt) 
by the commutation formula (I7.f Sp 

= \\WtdABt\\^ + \{dAd*A^tFA.dABt) 

+ ^{[Bth d*AFA] , dABt) --^{* [Bt , *Fa] , d\dABt) 

- {VtdA * Xt{A), dABt) + {Vt[Bt A Bt],dABt) 

next, the Bianchi identity (jf O.lip yields to 

= \\VtdABt\\^ + hld^dABtf + \{[Bt A d*AFA],dABt 

- ^{^[Bt,^FA],d\dABt) - {VtdA* Xt{A), dABt) 



{2[VtBtABt],dAB, 



and thus 

26) l^ndABtW >l\\ytdABtr + ^\\d*^dABtf - ^\\d*AFA\\ 



ce'WBtr - ce'\\XtiA)\\U - ce'WVtB 



and 
(fO.27) 



IdUdABtW' >l\\^tdABtr + ^\\d*^dABtr - ^\\d*AFAr 



cWdABtW - c\\Btr ~ ^\\Fa\\ 



Therefore, (|10.27p combined with (|10.23p yields to 



(10.28) 



f 



df WdABtW + co^WFAr + ca\\B, 



c 

I2 I 



> - c\\Btr - c\\Xt{A)\\L^ - -\\FAf - c\\dABt 
where we use that 

dnFAr>-ce^Btr-ce'\\dABtr 
by the fifth line of (|f O.f 4p . The lemma [T . 61 applved the last estimate give us 

sup WdABtW < c f (wdABtf + ^WFaW^ + \\Bt\\A dt. 

The estimate (|10.26p combined with (|10.23p yields to 

d^t iWdABtf + c^FaW + coe'^WBtf) 

(10.29) 1 

n^tdABtf + -\\d\dABtf - ce^WBtf - ce^\\Xt{A)\\L^ - c\\Fa\\ 
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for a constant co big enough. Hence, if < £ < C2, by lemma ITO^ we have 

/ {e^VtdABtf + \\d\dABt\\^) dt 

<ce2 J^^ (\\dABt\\^ + \\Fa\\^ + e^\\Bt\\^ + £'c^,(^)) dt 
(10.30) <ce2 J^^ (\\d\dABt\\^ + \\Fa\\^ + e^Bt\\^ + e^c^^^^^ 

<ce2 j^^ [e'^WdABtf + WFaW + e'||St||2 + s^c^^^a^] dt 
<ce'l^^ {\\FAr+e'\\B, 



dt 



where the second estimate follows from the lemma lA.ll the third inequality follows 
from the first one and the first step implies the last estimate. □ 

The estimate (|10.7I) follows combining the second and the third step; hence, we 
finished the proof of the theorem 110.21 □ 

Proof of theorem \10.4\ If we prove that ||9t^^ — d^ie^'^ 11^4^2) is uniformly bounded 
by a constant, then by the theorem II . 21 and the Sobolev estimate it follows that 

liatA^-dA.^'^IUcc(s) < \\dtA' ~dA^^''\\L^^^) + \\d%dA^{dtA' -dA^-i'')\\L2^^) <C 

and hence pO.Sp is satisfied for e sufhciently small. We prove the theorem by an 
indirect argument assuming that there is a sequence {5^" = A'^" + ^"^'"dtl^gN, 
El, — >■ 0, of perturbed Yang-Mills connections that satisfies yM'^"'^ {E"^") < b and 
:= supjggi ll^tA'^" — dA^i- 11^4(5]) — > oo. In addition we assume that there is 
a convergent sequence ti, — > t°° in such that 

(10.31) WdtA'-'it^) -dA^.iu)'^''"itu)\\^,^^^ = m^. 

We need to check three cases that depend from the behavior of the sequence e^m^. 

Case 1: lim^_i.oo Sv^u — 0. We define a new sequence of connections S^" := 
+ ^"""dt by A''''{t) A''" {t^ + t / m^) , and ^'^•'(i) {t^ + t/m^). This 

sequence satisfies the perturbed Yang-Mills equations 

-^d%^FA.. = {dtA^-^ - dA..^'") + ^ * X,^^^{A^-), 



d%^ =0. 

In addition, we have the following estimates for the norms for Ei, := £,ym^ 
(10.32) 

sup ||5tA-'- - dA-.*"ii4(s) = \\dtA'-'{0) - rf^..(o)*'"(0)||^4(s) = 1' 



(10.33) 



^\\Fa^.\\1=J l^^\\FA^.\\Us)dt 



1 m^ei ^ > 
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(10.34) 



We denote dtA'^'^ —d^^^ by and we remark that the L°°-norm of -^X^^^ , t (A) 
can be estimate by ^ where c is a positive constant; thus, by the Sobolev estimate 
and the theorem 110.21 we can conclude that 

sup \\B-^\\l <c sup (ii5riii.(s) + N*i.„dA^.Aiii2(s) 



c / 1 1 
<— 1 + — + — 

rrii, \ nil, ni- 

which converges to in contradiction to (|10.32p . 

Case 2: hmi^_>.oo Ei/ni^ — ci > Q. This time we choose a different rescahng to 
define S''" := A"" + ^^■'dt, i.e. 

i^'^ (t) A'^- (t^ + e^i), (i) := e^*"" (^^ + 

which satisfies the perturbed Yang-Mihs equations 

and 
(10.35) 

sup ^ ||atA^- - rf^..'I''ii4(s) = \\dtA'"{Q) - d^.„(o)*^-(0)||^,^j.^ < 2ci 
for sufficiently big. Furthermore, we have the estimates 

(10.36) 

— II -Pa'^ 11^2(3) < fei., 

(10.37) 



el ll^tA^'^ -dA^^I-^-ll^^js) — rfi < he,. 



If we denote dtA^" — d^^,, ^E"^" by and we consider cejj as the bound for the 
L°°-norm of elXt^j^^^tiA), then, by the Sobolev estimate and the theorem ll0.2l we 
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can conclude that 

sup <csup (priii.(s) + 

<c^^ (Prili^(s) + \\Pa^.^ Ili^(s) + 4) dt 
<ce^ (l + £^) 
which converges to in contradiction to (|10.35l) . 

Case 3: hni,y^oo e^m„ — oo. First, we define S"^" := A^" + ^^"dt as in the first 
case, i.e. 

A'" (t) A^" (t, + —) , 4-^- (i) := — fi, + — 
\ rriij J rriy \ rrit. 

The new sequence satisfies then 

(10.38) d^^F^.. = elmlVt {dtA'^ - d^.,. *^-) + ^ (A^-), 

In addition, we obtain the fohowing estimates for any compact set C M that 
(10.39) 

sup ^ \\dtA''^ -d^.^^^'^W^,^^^ = ||a*A^'^(0)-d^.„(o)*"''(0)||^,(j.^ = 1, 



(10.40) 



Analogously as in the first two cases we denote dtA^" — d^e^^'^" by and we 

consider as the bound for the L°°-norm of *_ [A), then, by the Sobolev 

estimate and the theorem 110.21 we can conclude that, for a compact set K and an 
open set Q, with G -fC C fi. 



sup <csup ( ||Bnii2(E) + WdA-uB'i 



ji/||2 

t£K ' ' tG-fS" ' 

?f l|2 I II I?_ l|2 



<c [\\BnUy^ + -^\\FA.A\U^^ dt 



+ c I {^ + \\dA^^.mUy)]dt 



<— + — [ \\dA^-^ {dtA'-^ ~ dA^.^'^)\\l2,y. dt 
mu nil, Js^ 



^ c cet 



-4 



where the last step follows fi-om the next claim. Then the L -norm of converges 
to by the last estimate in contradiction to p0.39p . 
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Claim: For any perturbed Yang-Mills connection ^ = A + '^dt 

WdABtU^ < cei 
where we denote dtA — dA^^ hy Bf . 



Proof. If we consider the identity 



1 



-d*AFA-VtBt-*Xt{A) 



1 „ „ „2 



+ \\\7tFA-dABt\\i2 



(10.41) =^ \\d*AFArL2+e' WVtBtWi. + e' \\Xt{A)\\l, 

+ llVtFAlli. + WdABtWl^ ~ 2e^ (*Xt{A), -^d^FA - V^B, 
- 2 {d*AFA,S/tBt) - 2 {S/tFA,dABt) , 

we can remark that first line vanishes by the perturbed Yang-Mills equation (|5.2p 
and by the Bianchi identity Vt-Fk = dABt; in addition, the last line can be written 
as 

-2 {d*AFA,VtBt) ~ 2 {VtFA,dABt) = 2 {Fa, [Bt A Bt]) 
by the commutation formula (|7.15p . The identity (|I0.4I[) yields therefore to 

WdABtWl.+e^W^tBtWl. 

<2\{dA*Xt{A),FA)\+e\*\ItXt[A),Bt)\ + c\\Fa\\l- ■ \\Bt\\l. 

<c\\FA\\l.+eHl + \\Bt\\l.) + ce---\\FA\\L-^ml^^^ 

<c£2(l + \\Bt\\l,) + ce-- {\\Bt\\l2 + WdABtWh + e''\\VtBt\\l.) 

<ce\ + ce^ (lldA^tlli^ + e2||V(Bt||2,) 

where we use the Holder inequality and the Sobolev estimate in the second estimate 
and the assumption ^||-Fl4|li2 + ||5t|||2 < 26 in the last two estimates. Thus 
choosing e small enough the claim holds. □ 

Since we have found a contradiction for all the tree cases, we can conclude that 
suptggi \\dtA — cJa^IIl* is uniformly bounded for e sufficiently small and thus the 
proof of the theorem 110.41 is finished. □ 

11. SURJECTIVITY OF T''''^ 

In the fifth chapter we defined the injective map T^-^ in a unique way, in this 
one we show that it is also surjective provided that e is chosen sufficiently small. 

Theorem 11.1. Let b > be a regular value of . Then there is a constant 
Eg > such that 



T'^' : Crit^„ ^ Crit^_^, 



is bijective for < e < Eq. 



Proof. The indirect proof will be divided in five steps. First, we assume that there 
is a decreasing sequence e^, v ^ go, converging to and a sequence of perturbed 
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Yang-Mills connections = A'^ + ^f'^dt e Crit^^e„,ff that are not in the image of 



r 
(11.1) 



(11.2) 



By the theorems 110.11 and 110.41 the sequence satisfies 



\Fa:^ 



L-(S) 



L~(E) 



<C, 



sup (||FaHIl2(s) 



\d\.FA^A 



+ Sv 



1 



- £ 



< ce 



2-l/p 



In the estimate ()11.2p the constant c depends on p > 2 which can be taken as big 
as we want. In order to conclude the proof we will need to choose p > 6 as we will 
see in the proof of the fifth step. 



In step 1, for each ay we will define a connection :iy = 



-^"dt near 'By, flat 
i-i/p 



on the flbers, which satisfies, for a constant c > 0, \\i^A" {-F^ ('^''))ILp — '^'^ 
Next, in the second step, we will find a representative 'EP of a perturbed geodesic for 
which — S°||^ p ^ + — < csl~^^^ for a subsequence of (step 

3). Then, in step 5, we will improve this last estimate in order to apply the local 
uniqueness theorem 19.41 which requires that the norms are bounded by 5e for S and 
e sufficiently small; in this way we will have a contradiction, because a subsequence 
of {S'^li.gN wiU turn out to be in the image of T^"'^ ■ 



Step 1. There are two positive constants c and vq such that the following holds. 
For every 'E^ , v > vq, there is a connection "Ey = A^ -\- ^^dt which satisfies 



Fa. = 0, 



d%{dtA'^ 



d^,.*-) =0, 



1- 



LP 



< ce 



i-i/p 



Proof of step 1. Since \\Fa'^ I|l°°(e) <ce^ " , by lemma \KJ2\ there is a positive con- 
stant c such that for any A" there is a unique 0-form 7"^ which satisfies FA^+^dA^-y" = 
0, ||dA-7''|lL~(S) < c||FaHIl~(s)- We denote E" := A" + Wdt where A" 
A" + *dA"Y , oy := *dA-Y and I'" + •0'' is the unique 0-form such that 

d^^idtA"" - dA^^'') = 0; is weU defined because d\dA : f^"(S,0p) ^ ^l°i^,9p) 
is bijective for any flat connection A. Hence, a'^ satisfles the estimate 

(11.3) ||a1lL~(E) = l|dA^7lU==(E) < c||Fa.|U~(e) < cel~K 

Since the E'^ is a perturbed Yang-Mills connection, i.e. 



(11.4) 



d%.FA. = VfidtA'^ - dA^^n + *XiAn, 



we have that the connections E'' satisfy 



V* {dtA'^-dA.^n 



t^XiA") 



= vridtA" - dA"*") + *X(A'') 

+ [r, {dtA'' - dA^^n] + Vf"(vf"a'^ - dA^r) 



1 



d*,.FA. 



-2 A 
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where in the last equahty we used (|11.4p and the commutation formula (|7.15|) : thus, 



Therefore, by (|11.3p and the next lemma. 



LP 



< 



I LP 



LP 



( vf " vfa'' + K, vf^n - v"^: 



LP 



LP 



where 



-Ka- 



< 



LP 



follows from lemma 111.21 and hence 



(11.5) 



^A^ (J■°(A^vI,-)) 



0,p,e 



< ce 



i-i/p 



The estimate — ^"^H^^ ^ ^ < cSu ^ follows from the lemma [Tl. 21 

Lemma 11.2. There are constants c > 0, eo > such that 

\\r\\L^ij:) + \\dA-^r\\LH^)<cel-'''', 



LP(S) 



L~(E) 



L°=(S) 



L°=(S) 

for any < Ei, < Eq. 

Proof of lemma Ml. "A Since the Yang-Millas connections 'E^ satisfy 

d*A.{dtA'' -dA^^'') = ^. 

from the definition of ip" we have 

{)=d*A,, {dtA" ^ dA.^") 



(11.6) 



□ 
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where 

VTd\.a'^ ^VTd%d% * Y = Vf * [Fa. a Y] 
= * [Vf>A^ A 7l + *[Fa" a vTl"]- 

Since we know that ||a'^||L°°(S) + I|7''IIl°°(s) ^ cSv i the proof of the first two 
inequahties of the lemma is completed by showing that there exists a constant c 
such that 

(11-7) llVf'^anU^(E) + ||Vr\l|Lp(E) < eel-'/" 

and estimating the norms of and of dA,^ip'^ using (|11.6p : 

II'0''I|l~(S) <c\\dA^'4'''\\LP{S) < c||d*i„d^,.V'''l|L2(S) 

= 11 - * [a- A * {dtA'^ - dA^*-)] + d%.yfa'^\\m^) 
<c\W\\m^) + l|a''llL~(s)l|Vf"a''||L2(s) 

+ \\r\\L-i^)\\yrFA4LHj:) + ||i^AHU~(E)||Vr7llL^(E) 

In order to show (|11.7p we derive 
Fa^ 

by V* and we obtain 

dA^ * dA^VTY = - ^TFa^ - [dA^^rr A dA.^7l 

(11.8) - mA'' - dA^^n A 7''] A dA^l"] 

-PtA''-dA.vI/-)A*dA.7''] 

and hence, by (jll.ip . 

WdA^^dA^^miLH^) 

<c\\^T FA-Wms) +c||a''||L-(s)l|dA- * dA-^Tl^Wm^) 

+ c WdtA-^ - dA^^^h^^^j W^^h^i^) (1 + mm^)) 
<c(\\vrFA4LH^) + \\o^n\L^m)+cs-^\\dA^*dA'^vfr\\m^)- 

Choosing e sufficiently small, we have by (|11.2p . 

II d^- * d^-Vf 7''IU2(E) < c£i/ " 

which yields to 

||Vr7llL~(S) <c||dA.^ *dA.Vr7llL^(E) 

<c (llVf >aHU^(s) + l|a'1lL~(S)) < cel-'/P 

by lemma lA.ll and 

iivr«iiL.(s) - iivrdA.^7iiLP(E) 

<||dA.Vr7l|LP(S) + IIPtA^ - dA.^*'^),7'^]||L.(S) 

<c||dA * dA^VfYhn^) + c||71Il.(S) < C2£^^/^ 
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Analogously, one can obtain the third inequality of the lemma; the starting point 
is to derive (|11.6|) and (|11.8|) by V* and to use the estimate 



< C2e 



-i/p 



in order to show 



L~(S) 



□ 



In the following, by the Nash embedding theorem, we consider A4^{P) to be a 
compact submanifold of R" . 



Step 2. The sequence {u" :— [A'^] has a subsequence, still denoted by u'^ , 

which converges to a perturbed geodesic respect to the norm || • \\w^-p or more 
precisely 

IL,. .,011 <ce}r'/p 



for a constant c > 0. 



Proof of step 2. Since F^i, — 0, the vector dtA'^ lies on the tangent space T^,^Aa{P) 
and hence in the kernel of d^..; thus d^,.{dtA'' — d^^^") = 0. Every [A"] is 
therefore a curve in the moduli space M^{P) with velocity dtA"^ — d^,.'^'^; moreover 
it approximates a geodesic in the sense of inequality (|11.5p . Therefore {u'^},yeN is 
a bounded Palais-Smale sequence and hence, using next lemma, it has a strong 
convergent subsequence that converge in the norm || • \\w^-p to a perturbed geodesic 

u'^ and llu"^ — u"||t4/i,p < ce^ '' . 



{\Wu\^ + Ht{u)) dt 



□ 



Lemma 11.3. Let p > 2 and A4 be a compact embedded manifold. We choose the 
energy 

Eiu) ^ - I 

for any u S W^'^{S^ ,M) where Ht : Ai ^ M. is a smooth Hamiltonian. For every 
bounded sequence {u^j^gN C W^'^{S^,A4) which satisfies 

IM£;K)||lp ^0 

there is a critical curve Uoo G W^'P{S'^ , M) such that for a subsequence {u''"}u&i C 
{u'^}ven we have 

(1) \\u'" ~ u°\\wi.P ^0 {k^oo); 

(2) The {LE{u''''Y\,j<^n, where LE denote the linearisation of dE , converges in 
LP to the Jacobi operator of u'^ ; 

(3) // the Jacobi operator of Uoo is invertible, then there is a constant c > 



such that Iju'-'" — u"||;yi,p < c\\dE{u'')\\ 



LP- 



Proof of lemma Ul.3[ (1) The energy functional E satisfies the Palais-Smale con- 
dition for the norm || • ||vyi,2: We refer the reader to [15], theorem 4.4, for the proof 
in the case is a surface and Ht = 0, but the proof applied also for the general 
case. Therefore, {u''}v&i has a subsequence, still denoted by {u''}^^, which con- 
verges to a perturbed geodesic vP in A^). It remains to prove that the 
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sequence converges to u° also in || • Hv^i p: in fact 

Wu" - u°\\wi-p < sup / ((VK-w°),Vv) + 

sup [- I {dHiu") - dHt(u°),v)dt 

+ {A{u'') + dHt{u''),v)dt + {u" -u^,v)dt^ 



converges to 0. 

(2) The LP convergence of dE{u^) implies the convergence of Vtu^ because 

llVtu'' - VtU°\\Lp < WdEiu") - dE{u°)\\Lp + - dH{u^)\\Lp 

goes to for v oo. We denote by R the Riemann tensor of the manifold A4 and 
by n the projection on its tangent space. Then the linearisation of dE respect to 
the loops is (cf. appendix B in [16]) 

LE{u'')X{u'') = -V,i.V^.XK) - - Vxiu-^)^Ht{u'') 

for any vector field X on Ai and the first term can be written as 

= nK) (dnK)w'') {dx{u'')u'') 

+ n{u'')d^X{u'')u''u'') 
+ U{u'')dX{u'')Wu^u''. 

Thus, for a constant c > 0, 

WLEiu"-) - LE{u'>)\\^^ <c {\\u'' - u^^^ + - 

The sequence {LE{u'^)}ketii converges therefore to the Jacobi operator of u*^ in L^. 

(3) The third conclusion of the theorem can be proved using the following theo- 
rem (see Proposition A. 3. 4. in [10]). In our case we chose 

/ : W^-Piiu^YTM) L^iiu^YTM) 

X /(a;) := ga;(J'o(exp„„(x)) 

where gx : L'P{eyi^^u{x)*TM) LP{{u'^)*TM) is the parallel transport along 
i^exp„„((l-i)a;). □ 

Theorem 11.4. Let X and Y be Banach spaces, U d X be an open set, and 
f : U Y be a continuously differentiable map. Let xq E U be such that D :— 
df{xo) : X ^ Y is surjective and has a (bounded linear) right inverse Q : Y ^ X . 
Choose positive constants S and c such that \\Q\\ < c, Bs{xo;X) C U, and 

\\x-xo\\<S ^ \\df{x)-D\\<^. 

2c 

Suppose that xi € X satisfies 

S S 
||/(xi)||<— , \\xi-Xo\\<-. 
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Then there exists a unique x € X such that 

f{x) — 0, X — xi £ im Q , \\x — a:^o|| < <5. 
Moreover, ||a; — < 2c||/(xi)|| . 

Step 3. There is a lift of the closed geodesic u° and a sequence C Gq'^{P x 
S^) such that 
(11.9) 

and d*y^o{9tA'' — A^)\\]^2 — 0. For expositional reasons we will still denote by S*^ 
the sequence glE" . 

Proof of step 3. We choose now a representative EP — + "^^dt of the geodesic 
it°. Since the sequence of curves on the moduli space converges to a geodesic \EP] 
in W^'P, i.e. 

(11-10) ll[2l-[5°]|U...(,.,^)<cei-^^ 
by the Sobolev embedding theorem we have that 

Therefore there is a sequence C G^'^{P y. S^) such that 

(11.11) d\o {glA'^ - A") = 

and in order to symplify the exposition we still denote the sequence g^E^ by 5"^. 
The condition ()ll.lip means that we choose the closest connection in the orbit 
of Ai, to ^0 respect to the L^(S)-norm. The existence of g^, is assured by the 
lemma [331 and by the local slice theorem (see theorem 8.1 in [H]). Therefore 
IIS" — S°||^^ < cei~^^^ and thus by the first step 

(11.12) -EP\\^^<cel-^/P. 
Since 

d^o {A^ - A') ^ Fa:^ i [{A'^ - A°) A {A'^ ~ A°)] , 
we have the estimate 

(11.13) \\dAo{A'' -A°)\\^^ < WFa^Wl. + eWA'' - A'^Wl^WA'^ - A°\\l. < cel'^/P. 
Next, we remark, using Vt dt + [^'°, •], that 

- Vtd*AO (A" - A") = d*A.Vt (A^^ - A°) + * - d^o*0) A * (A'' - A°)] , 

thus, 

d*AodAO (4-" - = d*Ao (atA° - d^o*") - d*A. [dtA" - dA-^'^n 
+ d*AoVt [A" - ^0) - d*Ao [(^" - ^0) A (^'^ - 5-°)] 
- * [{A" - A") A * {dtA"" - dA^^"")] 
^^^■^^^ = - * [{A" - ^°) A * {dtA" - dA'^^")] 



[{A'^ ~ A"") ^* {dtA'' - dAo^°)] 
[*(A''-A°)AdAo(*''-*°)] 
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allows us to compute the estimate using (jll.ip 
(11.15) 

\\dAO - Vl/")||^^ + 11*- - < c ||d^o * dAO - ^°)\\^, 

Furthermore, since, by (Ill.lOp . 

(11.16) ||Vt(^''-AO)||^^ <c4-i/f. 

On the other side, we have 

d*^odAo'^t {■^'^ - "f") =Vtd\odAo (^'^ - *°) 

- * [(9tA° - dAo*°) A *d^o (^"^ - *°)] 
+ * [d^o * {dtA^ - dA«^°) A - fO)] 

- * [* {dtA° - dAo^°) A dAO {^^ - *°)] 
and deriving (I11.14p by Vt we obtain 

II V, (vl/- - vi/O) 11^^ < ||d^„d^„V* (vj/"^ - M/O^ II 



<c\\dAoVt{^'' - 1'0)||lp + c ||Vt (yl"^ - AO 
' l|Vi(A''-AO)|L,J|d^o(*''-v|/OMI 



I LP 



(11.17) ' ii^tv^-" ^-^ ;iiL2p ir^" v ' yiiL^p 

+ c\\A^ - (^1 + 1 ||dA..d^,.F^.|lL^(s) 

+ - ||d>d^oV* (vl/'^ - vi/0)||^^ 

where in the second estimate we use that, by the perturbed Yang-Mills equations, 

\\VT {dtA'' - dA-^^n\\L. < c + c^ \\d*A.FA^\\^,^^^ < c + c^ ||d^..„d^.F^HlL2(s) : 
thus, 

(11.18) ||Vi 11^^ <cei-i/P. 

Finally by the estimates (fTTl^ . ^TTJS^ . (|TrTT|) . (fTTTSl) . ([lTl6l) and (flTTSl) we 
have 

(11.19) US'- - eX ,^^^ + e\!^ \\ar - < cel-^l^ 

wich proves the third step. □ 

Step 4. Let p > 3. There is sequence {gy]vi^^ of gauge transformations 
9v e QI'^{P X 5I) such that 

(11.20) 4o-(5:S''-S")=0, 

(11.21) \\d\,{glA^ - A°)||^, < ce^-i/^ 11^^0(5:^"^ - A°)||^, < ce^^/P^ 
and 

(11.22) ||g:5'^-5°||^_^_^+4/^'||5:S''~5°||^^ <cei-i/f. 
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Proof of step 4- By the last step the perturbed Yang-Mills connections that 
satisfy the estimate ()11.19p and in addition 



< cel-'^" < Soe'JP 



< ll'^'i' _ ■=■01 



for all < El/ < eoj cej"^^^ < (5o and the given in theorem 19.91 hence S"^, 
satisfy the assumption (j9.2ip of theorem 19.91 with q ^ p. Therefore by this last 
theorem we can find a sequence gi, G Gq ^{P x S*^) such that 

and 

(11.23) lists'- - Snii,,,, < ce^ lld^US-^ " < cel-^'' 

and therefore, by the Sobolev theorem! 



II „*';zrt' izrO I 



<c(||.g:S''-Snii,,,, 
<cel~^l^. 

The estimates (jll.191) . (jll.231) and the triangular inequality yield also to 

\\d*MA^ ~ < \\d\,{A^ - ^«)||^^ + \\d\.{glA^ ~ A^)\\^, < cel-'^P, 



I l,p,£ 



dA^(.glA^ -A^)\\,, < lldAoiA'' - A")\\.^ + \\dAo{g:A'' - A^h. < cel-^^" 



IgtE'^-E^ 



I < II 77!^ _ ■=■011 I i_ ||o*^='' _ ^''ll < C£^"^/^ 



Thus, we concluded the proof of the fourth step. □ 
We still denote the new sequence g^E'^ by in order to semplify the notation. 



(1 - T^Ao)^ 



situation step 4 




uniqueness 



Figure 2. Uniqueness (circle) and the result of step 4 (ellipse). 
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Step 5. There are three positive constants 6i,eo,c such that for any positive 

El, < £o 

(11.24) |l7r^o(A^ - A°)\\l2 + WnAoiA-- - < cel+'\ 

End of the proof: Since our sequence satisfies the assumptions of the unique- 
ness theorem 19.41 because by the fourth step dtfg{'E.'^ — S") = and by the fourth 
and the last step 

||S''-S°||i,2,e + ||S^-S0||oo,e<fe., 

for v big enough = T^^'^iBP) which is a contradiction. 

Proof of step 5. In order to estimate the norms of tt^o (A*^ — we use the estimate 
(inni), i-e. 

\\tta{A'' - + W^tTTAiA'' - A°)\\l2 

<c\\tta{VI'^ {E°){A-' - A",^" - + ^liA" - A°) A H)IU^ 
+ c\\A'' -A^-TTAiA-' -A")\\l2 
+ c\\Vt{A'' ^ A° - TTAiA'^ - A'>))\\l2 
+ ce2||Vt(*'' - *°)|U2 + £2||^- _ ^0||^^ 
+ ce2||2?^-(sO)(A'' - AO,*"^ - *0)|U2 
which, by (I9.15p . can be written as 

\\tta{A'' - A")\\l2 + ||Vt7r^(A^ - A'>)\\l2 

<c\\7:a{VI-{E" + eloc^){A- ~ A^^^ - 

(11-25) +c||(A'^-A0)-^A(A'^-A0)||i,2,e„ +ce^^ 

+ c||Vt((yl^-^°)-^^o(A''-^0))|U. 
+ 4||I?^^(S0 + - - vI/0)|U. 

where S im d^o is defined in lemma [^751 choosing e = 1 and satisfies 

(11.26) ||ao||2,2,i + ||ao||L- <c; 

we denote S^-" = S^ + e^ao = A^'^ + ^'^di and we recall also that, always by lemma 

[Ml 

\\TH:E}n\\L^<ce\^ ||J-|(Si''')|U. <c. 

In the following, we will work with the difference — S^''' = a'^ + ?/;'^di + ^''ds 
which by step 4 and (|11.26p satisfies 

(11.27) US'- - Si-n|i,2.i + e\l^\\'Ey - < c^^'^^- 
Furthermore we consider the decomposition 

(11.28) A" - A^ " = {A" - A'i) + {A'i - A") + {A° - A^'") ^a^ + a" - elao = a" 
where a" — A" ~ A'( is the 1-form defined in the first step and :— Ai — A^ . 

The idea of the proof is to use the situation described in the picture [3] and in 
order to compute the norms of A'^ — A" we use the properties of the orthogonal 
splitting H\ ©im d^o ©im d^o combined with the facts that (x^ € im d^iv and that 
the norm of Iliin d*^^ {a^) can be estimate using the identity d.Aoct'^ — A a'^] 

which can be deduced from the flat curvatures Fa^ and F^o . 
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Figure 3. The splitting of the fifth step. 



Claim 1: H^^^ - ^A«(a")l|i,2,£„ < eel ^'^ ■ 
Proof of claim 1. By the triangular inequality and d^o^o = we obtain 
(11.29) ||d^o(A'^ ^ A'nWv^ < elWd^oaoh-^ + ||d^o(A'' - A')^^ < ce^^/P^ 

(f f .30) < \\d\oiA'' ~ A°)\\l2 + e^d^aaoh^ < cel-^/P. 

and therefore by (|11.27p . (|11.29p and (|11.30p 

(11-31) -7rAo{an\\i.2,e. <cel-'/''. 

Claim 2: elW^l'' {S^^''){a'' ,4>'')\\l2 < ce^-s/p. 
Proof of claim 2. The estimate follows from 

v^.-iE^ni^-^r) = -c|'^(sl^'')(ci^^^) - j-|"(s'^-i), 

where || J'|''(S'''^)||i2 < c and the quadratic estimates of the lemma [521 
Claim 3: 

hAoiVriE'nic^'-JnWL^ <ce2-3/p ^ l\\^^„([a- A *d^o(ci^ - a'')])!! 

Proof of the claim 3. By || J"^''(S'^'^)||i2 < eel and by the identity 

we have 
(11.33) 

<ce^-^/P + l||7r^o([a'^ A *(d^ofi'^ + hsi" A a"])])] 



(11.32) 



□ 



□ 



L2 



L2 



<ce2-3/P + l||7r^o([a'^ A *dAo(5'^ ~ a")])!] 



L2 
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where for the second mequahty we estmiate every term of Cl" {^^•^){a.'^ using 
the formula (|8.7p and for the third one we we apphed 



and the decomposition of a'^ . 

□ 

Claim 4: \\Vt{a'' - 7r^o(a'^))||i2 < csl~^^^. 
Proof of claim 4- We denote by Him ^ „ and Iliin d* respectively the projections 

A ^0 ^^^^^ 

on the linear spaces im d^o and im d^o using the orthogonal splitting (|2.3p . For 
a'^ — TT^oa'^ = dj^o^^ + d^ow'^, where 7 is a 0-form and uj a 2-form, we then have 
that 

||Vt(a'^ - TTAoia^mL^ <c\\a'' - 7r^o(a'')||i2 + ||ni„, . „ (Vtd^or) 



L2 



where the last estimate follows from the next two: 

nimd;^^ (ytd\oUj'') < lldAoVtd^ow'^11^2 

< ||Vtd^oanii2 + 119*^0 - d^ovl/0||i„.||«- - TTAoa'^U^ 
<\\S/t[a'' Aa'']\\^,+c\\a-' -TTAoa'^WL^ 
<c\\d''\\L^\\\/ta''\\L2 + c\\d'' - TTAoa''\\L2 < cel-^/P, 

llHim d^o i'^tdA07l\\^2 <||nim d^o (^t (Him d^o (""))) 1^2 

+ \\^imd^o (Vi (Him d^o (a''))) 11^2 
<C ||d>Vf (Him d^o IL2 

+ c||[ci^7'^]IL2 + ||V* [ci^7'^]|lL2 

□ 

Claim 5: £.|lVt(5- - Tr^oa'^ - a'')||o,2,e. + 11^^0(5'^ - a")||o,2,s„ < ce^'^^ 

Therefore, using (|11.25p and (|11.26p . we can estimate the norm of the harmonic 
part by 



\TTA{a')\\L2 + ||Vt7r^((5'^)|lL2 
|k^o(2?-(Si-)(fi 

+ \\vt{&''~7TAoi&n)\\L'^+et\m"i^'n{^'',r)\\L^ 



<|k^o(2?^''(Sl-)(a^ V^)|U2 + 115^ - nAoi&nK2,e 

2 W^^u 
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<c£2-3/P + -L||7r^o([Q'' A *dAo{a'' - a^)])|U2 



1 

+ \\Vt{&'^ -TTAoa-^ -a^h- 

and because of the fourth and of the fifth claim we can conclude 

We finish therefore the proof of the fifth step by choosing p > 6. 
Proof of claim 5. We choose an operator as follows. 



Since dAoa" + ^[a" A a""] = 0, 

(11.34) d*AodAoa'' + ^d^oia" A a"] = d^odAoia" - a") 

and lld^.a'^llis < cel~^^^ by 

llrf^.a^U^ <\\d*A.{A'^ - + \\d*A.{A'^ - AO - a^h^ 

(11.35) <csl-^^P + \\d*A. * dA^l^U- 

<cel-^l^ + 2\\FaA\loo\\Y\\l- < cel'^'" 

and hence 

(11.36) IMAoalU^ < IMA-aHU^ +c||aniL^||aniL^ < c^-^/^ 

(11.37) {dAod*Aoa'\a'' -a"") > ||d^o(a" - a")|||2 - c||d:^oa|U2||d^o(a" - a" 

Then 
(11.38) 

+ \\dAo{a' - a-)\\l. + 'fWVtia- - TT^oa^ - d^Wh 
-cel-^/P\\d*Ao{&'' -d'')\\L- 

- cel\\a''\\L2\\a'' - nAoa" - d''\\L2 - cel\\d" - iTAoa" - a''||o,2,eJ|^^''||o 

- cel\{VtTrAo{an,'7t{a'' - iTAoa" - d"))] 

- ce^liVtid" - TTAoid-")), Vtia" - d" - TTAoa"))] 

- Ila'' nice 11^^0(5'' - a'')||z,2||Q!'' - -KAoa'' - d''\\L2. 
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We can conclude therefore that 

e^WVtia" - TTAoa" - a'^)||o,2,£„ + WdAoia" - a'^)|jo,2,£, 

<el\\Q'"{E")(^a'',r) \k2,e. + cel"^^" 
(11-39) +cel\\a''\\oa,e. +cel\\r \\o,2,e. 

+ C£^||Vt7r^o(a'')||o,2,e„ 

+ cel\\TrAoianh,2,e.<csl-'/P 

where the last step follows because 

||Q^■'(Sl''')(a^r)-Qf (S°)(a^r)llL^ <c||anii,2,. + c|k^oK)|U^|K^oK)||^ 
and 

QriE'-ni^'^ - si) =-T!"{E'n - Ci(Si'"')(S"' - Si) 

whose norm can be bounded by cei by the triangular and the Holder inequali- 
ties. 

□ 
□ 



12. Proof of the main theorem 

The theorem 11.11 states the bijectivity of the map T^^*" which follows directly 
from its definition 19.51 and the theorem 111.11 which prove its surjectivity, and in 
addition it shows that T**'^ maps perturbed closed geodesies of Morse index k in to 
perturbed Yang-Mills of the same Morse index. 

Theorem 12.1. We choose a regular value 5 > of the energy and an Eq > as 
in definition \9.5\ then there is a constant c > such that for every S" — A'^ + '^^dt G 
Crit^H the following holds. Let ^ A" + '^"dt := r^'''(S°), < e < Eq, then 

(1) s'^ {a+ipdt,^ {E''){a+ijjdt)) > c\\a+ijjdt\\l 2,e for any 1-form a{t)+ip(t)dt e 

gp) ® c;>02(E, gp) ^(^(S, gpj dt; 

(2) index£;H(S") = index^^vfcH (S'^). 

Proof. As we have already mentioned, Weber in [17j proved that the Morse index 
of a perturbed geodesic is finite and for a generic Hamiltonian Ht its nullity is 
zero. We are therefore interested in the behavior of the operator I?'^(S'^) respect to 
'D'^{E'^) and in order to investigate that we consider the two parts of the orthogonal 
splitting of the 1-forms 

r!i(S, bp) = (d^or!°(E, gp) ® d^ofi^i^, gp) ® ^(0(2, gp) dt) 
(3H\oi^,gp). 

We also recall that 

lis- - S"||2,p,e + e^llS- - S"|U,e < ce^ \\dAo{A^ - A^ - ag)||^, < ce^ 

by the theorem 19.11 and the Sobolev estimate (16. ip provided that e is sufficiently 
small where Q!q is defined in the theorem 19. II Integrating by parts we obtain for a 
a + ijdtedAon°{S\M,gp)®d*^o^^{S\M,gp)on°{S\M,gp)dt: 
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(12.1) 



+ e^{a + ijdt, {V'{E') - V%E°)) (a + i;dt)) 
>c\\a + Ht\\i2,e +e^{a + ^^dt, {V^E") - ViE^)) (a + ^dt)) 



ce-5 _ S"||i,2,e||a + Vrfi||i,2,£|!a + ipdt\\o,2,e 



>c\\a + ijdtWl^^^ ■ 
>c\\a + ijdt\\l 2,e - ce^^^lla + '0rf<||?,2,e 

>c||a + Vdt|!?,2,e 

where the third step follows by the quadratic estimates of the lemraa 18.11 from the 
Sobolev estimate of lemma [6^ and the last one holds for e small enough. We choose 
now a{t) e H^oCS, Qp) and then we pick tp{t) e ri°(S,gp), such that 

d\odAoip = -2 * [a A *{dtA° - d^o^'")] 

Then 

{a + ijdt,V'{E'){a + Ht)) = {V"{E'>){a),a) + e^\\\7t^\\l2 + Q 



Where 



Q 



a A * d^oiA^ 



l||[(A^-A")Aa]„^, 



2 

L2 



- (2 [V-, (Vt(A^ - A°) - dAo{^' - *°) - [(A^ - A°) A - *°)])] , a) 
-(2* [aA*(Vt(yl'^-AO)-d^o(«'^-^'"))] 
+ (2* [a A* [(A'^-A°)A(*^-^'°)]] 
+ ||[(A^^-A"),^]||i. + ||[(M'^-*°)Aa]||i. 
and hence 

(12.2) IQI < ci£V2 (1,^1,2^ + |lV,«|li.) 

for a positive constant ci; in order to compute (|12.2p we need also to use 

IIV'IIl^ < ||a||L2, ||a||L4 < \\a\\L^ + ||Vta||i2 

where the first estimate follows from the definition of ijj and the second from the 
Sobolev inequality. Therefore there is a constant c > such that if a is an element 
of the negative eigenspace of I?°(5°), then 



(a + ipdt,V%E^)(a + ipdt)) 

<-c(||a|U2 + ||Vta|U2)Vciei/2(| 

and if a is in the positive eigenspace for 'D'^(EP), then 
(a + 'ipdt,V^{E''){a + ipdt)) 

>c(|la|U2 + ||Vta||z,2j--ci£ 



(12.3) 



(12.4) 



\\Vtah.)'-c,e'^m\ 



l|V*a||i2) 



l|V.a|li2). 
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Thus, by ()12.ip . ()12.3p and (|12.4|) the dimensions of the negative eigenspaces of 
and are equal provided that e is smah enough and hence we can 

conchide that the Morse indices are equal. □ 



Appendix A. Estimates on the surface 

In this section we list some estimates that will be needed all along this exposition. 
The first two lemmas were proved in [3] (lemma 7.6 and lemma 8.2) for p > 2 and 
q = oo; the proofs in the case p — 2 and 2 < g < oo is similar. 

Lemma A.l. We choose p > 2 and q = oo or p = 2 and 2 < q < oo. Then there 
exist two positive constants 6 and c such that for every connection A e A{P) with 

II^-aIIlp(s) < <5 

there are estimates 

IIV'I1l<!(E) < c||dAV'l|LP(E), ||rfAV'l|L9(S) <c\\dA*dAlp\\LPi^), 

for4,€n"{^,Qp). 

Lemma A.2. We choose p > 2 and q = oo or p = 2 and 2 < q < oo. Then 
there exist two positive constants d and c such that the following holds. For every 
connection A G A{P) with 

\\FA\\LPiJ:)<S 
there exists a unique section rj G f2*'(S,gp) such that 

FA+*dAV = 0' \\dAV\\Li{S} < c\\Fa\\lp(S)- 

The following lemma is a symplified version of the lemma B.2. in [14] where 
Salamon allows also to modify the complex structure on E if it is C^-closed to a 
fixed one. 

Lemma A. 3. Fix a connection A*^ G Ao{P). Then, for every 6 > 0, C > 0, and 
p > 2, there exists a constant c — c{S,C, A^) > 1 such that, if A -^{P) satisfy 
\\A — j4"||i=o(5]) < C then, for every € gp) and every a G ^^{^, Qp), 

(A.l) Ml,^^^<5\\dAM\U^)+4i^\\hi^y 

(A.2) lla|lLp(s) ^ ^ {\\dAa\\l^^^^ + \\dA * a\\lp^^)) + ^IMhi^^y 

Lemma A. 4. We choose p > 2. There is a positive constant c such that the 
following holds. For any connection A G Ao{P) and any a G r2^(E,gp) 

(A 3) \\dAa\\Lp{S) + \\d*Aa\\LPiE) + Na'^^"IUp(s) + \\d*Ad*^a\\Lp^s) 

<c\\{dAdA + d*y^dA)a\\Lp + ||7r^(Q!)||ip(s). 

Proof. For any flat connection A, the orthogonal splitting of J7^(E) — im ® 
im d*^ © H\{T}, Qp) implies that there is a positive constant cq such that 

IMac?aQ^IUp(s) + \\d*AdAa\\Lp{^) < co\\idAd*A + d*^dA)a\\Lp(^^y, 
thus, we can conclude the proof applying the lemma [A. II □ 
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Lemma A. 5. We choose p > 2. There is a positive constant c such that the 
following holds. For any S > 0, any connection A G Ao{P), a G f2^(I],gp) and 

V-e r!°(s,0p) 



ll^^^all L!.(S) < c [S^^ \\a\\ + S \\d\dAa\\ ^^f^^-^ 
(A.4) ||d^a|| ^p(5.) < c {5-^ \\a\\ ^^^^^ + S \\dAd*Aa\\ ^^(j.)) , 

WdATpW Lp(T.) ^ c {5^^ IIV^II ^p(s) + 5 \\d\dAil^\\ ip(s) 



Furthermore, for any 5 > 0, any connection A + ^l/di e A{P x 5^), a + ifidt G 



eWVta 



(A.5) 



£2 



t"llLP(SxSi) < C ^ II"IIlp(SxS1) + l|Vt'^t"llLP(ExSi)) ' 
l|Vt'/'llLP(SxSi) ^ C (j^^e IjV'llLP(ExSi) + IIVtVtV'llLPlExSi; 



Proof. The last two estimates follow analogously to the lemma D.4. in [13 . The 
first can be proved as follows. We choose q such that p + g — 1 then 

II, II [dAa.S^^a + 5dAd*Aa) 

c{5^^a + 5d\dAa, d\a) 



< sup ■ 



< (^"^ l|a|lLp(S) + S IMAC^AallLPCs)) sup 
=c (^(5^^ ||a|| + S \\d*AdAa\\ ^^^j.)^ . 



c\\d*Aa\\L,^j:) 



a'^IIl<!(e) 



where the supremum is taken over all non-vanishing 1-forms a e i"* with d^d^a e 
L'^. The norm ||(5^^a -I- (JdArf^aH^^^jn-j is never because 

\\S~^a + SdAd*Aa\\l^^^^ = S^^ ||a|li2(s) + \\dAd*Aa\\l2i^s-, + 2 IMAaliisfs) 7^ 0, 

otherwise we would have a contradiction by the Holder inequality and the operator 
5^^ + SdAd\ is surjective. The second and the third estimate of the lemma can be 
shown exactly in the same way. □ 
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